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Abstract: - In this paper, the anomalous filtration of a homogeneous fluid in a homogeneous porous medium is
considered. A model of anomalous fluid filtration, composed using the fractional differentiation apparatus, is
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1 Introduction Various formulas describing non-Darcy flow
Darcy's law is commonly used to model fluid flow have been used to quantify fluid flow in natural
in porous media, particularly oil and gas. This law geological environments, but there is no universal
establishes a relationship between filtration velocity law or formula that can reliably describe the
and pressure gradient. However, Darcy's law is not complex relationship between flow velocity and
applicable in a number of cases, and studying oil pressure gradient for single-phase fluid flow in
recovery processes based on the classical Darcy's natural oil and gas reservoirs. Model fitting shows
law does not lead to satisfactory results. Fluids that the spatial fractional Darcy's law can accurately
typically carry solid particles with them as they reﬂecj[ the flow properties anFl agrees well with the
move, and these particles can block some pores, experimental data presented in the seepage Curves.
leading to a decrease in porosity or even their The model parameters can also be significantly
closure. Over time, permeability decreases, the simplified to allow for a possible physical
effect of the pressure gradient on fluid flow through 1nterpretat10n closely related to the structure of the
the medium is delayed, and the flow occurs as if it medium, [3].
had a memory, [1]. Iq [4], a larger numbqr of laboratory
The proposed mathematical model in [2] is experiments were conducted using dlffereqt sand
suitable for describing anomalous diffusion sizes and pressures to study how different
observed in media with fractal geometry, as well as conditions could affect the memory. In addition, the
in disordered and highly inhomogeneous porous number of memory parameters was increased so that
media. A numerical scheme based on the existing the calculations could quantitatively represent the

discretization method is used to process the asymptotic value of the flow. Good agreement was

modified memory-based mathematical model. The obtained between the time variations of both the
accuracy of the numerical model is confirmed by an theoretical and observed flow.
analytical solution of a simplified problem.
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In [5], [6] a memory mechanism was presented
that mathematically models possible changes in the
physical properties of the matrix due to changes in
its temperature and physical or chemical interaction
with the fluid. The elastic response of the matrix is
neglected, the diffusion equations are separated
from the elasticity equations, which are not
considered here, and the main attention is paid to the
fluid pressure, which is periodically observed in the
flow, as in the case of periodic boundary conditions.
At first glance, it may seem that the introduction of
mathematical memory into the formulation of the
governing equations complicates the problem,
however, the use of the Laplace transform (LT)
allows one to obtain a solution directly under the
given boundary conditions.

In [7] we consider an extension of the
constitutive diffusion relation to the case when the
space memory mechanism operates. The order of
the medium is expressed by differential equations of
fractional order covering the continuum in a given
range, then the constitutive equation becomes a
differential equation of distributed order.

In [8] homogeneous and heterogeneous media
with different characteristic particle sizes were used.
It was shown that the memory parameters,
especially the low value assumed in terms of the
decimal order, influence the experiment in many
ways. The data and theory showed how mechanical
compression can reduce the conductivity and hence
the flow.

In this paper, based on the filtration law [9],
which takes into account the effects of changing the
permeability of the medium, the filtration equation
with dependent on pressure is derived. For this
equation, some problems in a finite layer are set,
considered with different boundary conditions. The
modes of constant, exponentially increasing, and
harmonically changing pressure at one of the
boundaries of the medium are considered. The fields
of pressure and filtration velocity are determined for
various values of the parameter ¢, characterizing
the memory effects in the filtering law.

2 Derivation of the Filtration

Equation
The law of anomalous filtration is taken as [9], [10],

[11]:

k a
b=——vV ap i
uo\ ot”

where is U — the filtration velocity, k; is the pseudo-

(1

permeability, ie. fractal permeability with the
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dimension L°T%, L is the dimension of length, T
is the dimension of time, g is the viscosity of the
liquid, (0 <a <1) is the order of the derivative,
V is the Hamilton operator, p is the pressure.

Let us take the continuity equation in the form
[12], [13]:

a(’gtm)+div [pt]=0,

2

where p is the density of the liquid Lk—gsJ, m is the
m

3
. . m
porosity of the medium [—

3
m
Substituting (1) into (2) we obtain
k a
a(pIn)—div{ fpv{‘a pJ ~o. 3)
ot 7, ot |

We assume that the skeleton of the porous
medium and the liquid are compressible, and the
viscosity of the liquid is constant. In addition, the
medium is non-uniform in permeability, etc. k; is a

function of coordinates.

Let's transform the second term in (3) as:

. o%p o*p o%p
div| oV| — | |= pA| —— |+ Vp V| — |=
A5 AT 2
:pAa_p_}_a_pi&_p_F
ot“ ox ox| ot*

L9p 010°p| 0p 010%p|_
oy oy| ot” 0z o\ ot”

ot op ox ox| ot®

LOp op 0[0"p| 9p Op O0f0"p
ot* | op oz oz\ ot

where A is the Laplace operator.

4

Considering that the flow in the medium is slow
and the pressure gradient is of negligible
significance, we neglect the last three terms in

expression (4). Considering this, with constant K
from (3) we obtain:

aam) ke 2]
ot u ot

)

Let's transform the first term of (5) as:
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alpm) _dp, jom_ dp dp
ot ot ot op ot
6
om op 1ap om ap ©)
tPp— - =p M=
op ot ap ap

Let us take the laws of change of p and m
with dependent to p in the form:

p:po.eﬂt(P*po), (7)

m=m, +5,(P=Py) , ®)
where p, and m -are the density and porosity at
P =0, Pp-
and S, —

elasticity of the liquid and the medium, respectively.

is a certain reference pressure, f;

are the coefficients of volumetric

When the fluid is weakly compressible, instead
of (7) we take:

p=poll+ B (p—py)] ©)
Taking into account (7), (8) from (6) we have:
a(pm> plmop; + 5.2, (10)

where in the parentheses on the right side, taking
into account the smallness of the change in value,

m, is taken instead of m.

Taking into account (10) from (5) we have:

P _ AP (11)
ot ot”
K
where %«=—=x is is the coefficient of
Hp
piezoconductivity, g = m,B; + B, is the
elasticity coefficient of the medium.
For inhomogeneous media in terms of
permeability, equation (11) has the form:
« O
1B —p=Aka (x.7, fj. (12)
ot
For homogeneous anisotropic media, the
piezoconductivity equation is written as:
. Op o> (0“p
—=k +
,Uﬂ ot fx a [6'[
(13)

a 2 a
+kfva_ 0 p +kfza_2 a_p ,
8 ot” oz°\ ot*
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Ky, K

where K,k kg, -

s are the permeability coefficient

in the directions, x,y,z respectively.

3 Statement of the Problem

We will consider the one-dimensional equation (11):
2 o
533::% o (0%p ‘
ox* | ot”

ot
For this equation it is sufficient to specify one
initial and two boundary conditions, for example for

(14)

a finite layer [0, L., I:
p(0,x) = p, = const, , (15)
p(t,0) = p, =const , p(t, Liyeq) =0 (16)

In addition to (16), let us consider the following
regime of pressure change at the boundaries:

p(t.0) = p (1 -exp (- -)), P(t. Lypeq) =0.

@ = const.

P(LO) = p(1+sin (@), P(t. Lipeg) =0-

(17)
(18)

4 Numerical Solution Algorithm
Equation (14) under conditions (15) — (18) is solved
by the finite difference method, [14], [15], [16],

[17], [18]. To do this, we introduce a grids
@, ={x =i-h, i=02,..N},
;= i, j:0,1,2,...T} in the region

{OSt STk, 0SX=< Lmed} where h is the grid
step in the direction x,  is the grid step in time.
From these two grids, we construct two-dimensional
meshes @ =@, <@, . Its nodes consist of

(.t L i=0.N; j=012,.

On this grid, equation (14) is approximated as
[19], [20], [21], [22]‘

o ‘j: s k+1
Y Y 1-,(2 a)h2 a [(Z(pwl

Gk = Gi—k)+ pi = pi, )-

—-2. {Z(pkﬂ ( _k)l—a)+
pi —pi)+ [Z(pk“—pm-

~(<J—k+1)“a—(1—k)1*“)+ ol =i, |

. points.

- pik+1)'

—k+D)" = (]

(19)

i=LN ;=0T ;k=0].

mx
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We introduce the following notations:

S, :kz_(;(p,kfll o H G-k (=), (20

:Z;(p.k”—pik)-(u—ml)‘“—(j—k)‘“), 1)
Sos k';(p.“ﬁ‘ o HG-ken (-], @2
kpzuﬁ. (23)

Substituting the above notations into equation (19),
we obtain:

B = Bl =K, (S, + P}~ ply)- o4

_2kp(sp2 + piJ+1 - p/ ) p( p3 t puqu pij—l)
Equation (24) takes the following form
Aplj+1 Bplj+l +Cplj+l — _Fi] , (25)

where A=k, ; B=2k, +1; C=k;
R’ =(pij _kp(zpij -pl, +5p =25, +5;

—-pﬂ4».

The system of equations (25) is solved by the sweep
method.

The initial condition is approximated as pi0
i=0,N .

=Py >
(26)

Boundary conditions (16) — (18) in difference form
have the form:

a ) pH—1 - pca pJ+1 07 j 2031"" (27)
b) pi = p(t-e ), pi =0, j=0,1,.. (28)
o) i = p(l+sin(@(j+1)e)), pi* =0, j=0,1,....(29)

The system of equations (25) is solved by the

Thomas’ algorithm. We use the following
relationship:

piJ+l s p|1+71+77|+1 (30)
where &,,,, 7, are coefficients of Tomas
algorithm.

Using (30) from (25) we obtain the following
recurrence formulas for determining the coefficients
S, i+1 > 77in1

s -C

i+ = A'Oli—B

_(F‘I'A'ﬂi)'

A-a;-B 31

s 77i+1 =
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The initial values of the coefficients
OSi.q » Ny, are determined based on conditions

27—29):n, = p., 6, =0.
Note that sufficient stability conditions for apply
Thomas’ algorithm to equations (25) are satisfied.

5 Discussion and Results

Some of the computational results are shown in
Figure 1, Figure 2, Figure 3, Figure 4, Figure 5,
Figure 6, Figure 7, Figure 8, Figure 9, Figure 10,
Figure 11 and Figure 12 for different model
parameters. The following parameter values are

used: k, =10 m?-s*, u=10"Pa-s, g =10""Pa™',

p.=510"Pa , p,=0, Lye =30 m. The following
grid parameters were used: h=0.1, 7 =1.

Initially given results for the boundary condition
(3.3).

Figure 1 shows the dynamics of the evolution of
the pressure distribution in the medium at different
moments of time for some values of the parameter
a . The evolution of its profiles with increasing time
can be detected from the pressure distribution. For
large times, a stationary pressure distribution over
the medium is established, which is a straight line
from p(t,O) =p, to p(t, Lieg ) =0.At =0, ie,
in the classical case in the absence of memory
effects (Figure 1a), such a distribution is practically
achieved at t=3600 s. With increasing the values

of a Figure 1b:, Figure 1c:, Figure 1d:, at the same
values of time, can be noticed a lag in the evolution
of the pressure distribution in the medium. At the
same time, for the larger «, this lag is stronger.
While at t=3600 s in the classical case with o =0

Figure la the stationary pressure distribution is
almost reached, at a =0.2; 0.4; 0.6 (Figure 1b,

Ic, 1d) the pressure distribution is far from the
stationary state.

In order to more clearly show the change in
pressure distribution with increasing the «, the
distributions of p at fixed time are shown

separately Figure 2. At each values of time, a lag in
the pressure distribution can be observed as «
increases. At the same time, the larger the value of
a , the stronger the lag. Over time, the progression
of profiles in the environment can be observed.

For the cases analyzed above, the distributions
of filtration velocity in the medium were
constructed, which are shown in Figure 3 and Figure
Figure 4. Similar to pressure, there is a decrease in
the distribution of filtration velocity o with

Volume 20, 2025



WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS

DOI: 10.37394/232011.2025.20.19

increasing the value of « Figure 3. So the
maximum value of v at x=0 is ~3-107 (a=0),

~ 12107 (¢ =0.2); 045107 (2 =0.4); ~
0.145-107 (2 =0.6) % at time t=900 5. As

time increases, these values decrease further. At
t=3600 s when «=0 (the classical case), a
constant filtration velocity is practically obtained,
which corresponds to a constant pressure gradient.
For a=0.2;0.4;0.6, this regime is not reached at
t=3600 s. In contrast to the pressure distribution,
the decreasing velocity of o is various in different
values of X. The velocity o decreases with
increasing t at small values of X and increases at
certain X with increasing t. Curves o at higher t
intersect curves at lower t, etc. at the points of
intersection the filtration velocity outpaces the
values achieved at lower t. Such intersection points
with increasing « have smaller coordinates X . This
is due to the lagging development of profiles o .
Based on Figure 3, we present the coordinates X,
when the filtration velocity regime changes from
smaller to larger with increasing time at different
values of « Table 1.

Table 1. coordinates X, when the filtration velocity
regime changes

t,s ts
’ 1800 | 2700 | 3600

a=0

900 14 14.2 14.5

1800 14.6 15

3600 15.2
a=0,2

900 10.5 11 12

1800 12.5 13

3600 15
a=04

900 7 7.8 8

2700 8.4 9

3600 9.6
a=0,6

900 4.8 5.2 5.7

2700 5.9 6.4

3600 6.9

Source: created by the authors

As can be seen from Table 1, the coordinates
when filtration velocity regime changes decreases in
the increasing values of « .

The filtration velocity profiles for two values of
t at increasing o are shown in Figure 4. From the
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graphs presented, it is clearly seen that values of v
decreases with increasing the values of « .

The obtained data confirm the conclusions of
[8] that the filtration law (1) characterizes the
memory effects associated with a decrease in the
permeability of the medium. Here, the pseudo-
permeability coefficient k; is taken as a constant

value. The decrease of the total conductivity of the
medium is controlled by parameter ¢ .

R

5 12

Fig. 1: Pressure profiles at =0 (a), 0.2 (b),
0.4 (c), 0.6 (d), t=900 (—), 1800 (- --

Source: created by the authors

Very small values of v Figure 3 are explained
by the compressibility of the fluid and the skeleton
of the porous medium, since the elastic filtration
mode is considered. The pressure forces are used to
do the work of compressing the fluid and the
skeleton of the porous medium.

Similar calculations were performed with
boundary conditions (17). The first condition (17)
corresponds to exponential pressure growth at the
boundary x=0 from 0 to p,. Depending on the size

of the o , this growth can have different velocities.

Some results of pressure variation at different time
points for different values of « are shown in Figure
5. In contrast to the previous case p(t,O) = p,.,
in the present case at x=0 the pressure increases
gradually in time, resulting in a relatively slow
advanced of pressure profiles throughout the
medium. The parameter « leads to slower advanced
of profiles of p.
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L Rumipies, B S
0 5 10 15 20 25 30

Fig. 2: Pressure profiles for different < at t =1800
(a), 2700 (b), 3600 (c) s, a=0(--- ), 0.2

(=), 0.4 (----), 0.6 (—)
Source: created by the authors

i 107, ms 3 147 I, mi b

Fig. 3: Profiles of filtration velocity a =0 (a),
0.2 (b), 04(c), 0.6 (d), t=900 ( — ),

1800 (---), 2700 (—-—-— ), 3600 (------)s
Source: created by the authors

25* 11w 3

............... AT P

05 0 B 0 B Y [ T A T R

Fig. 4: Profiles of filtration velocity different < at
t=1800 (a), 3600 (b)s, a=0(------), 0.2 (—=-—-— )
,04(----),06 (—)

Source: created by the authors
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Thus, the boundary condition (17) and the
increase in value of ¢ act in the same way, both
slowing down the advanced of pressure profiles.
Due to slow growth of the boundary pressure (at
x=0), the onset of the static regime is also slowed
down. This can be verified by comparing Figure 1a:
and Figure 5a. To see more clearly the effect of «
on advanced of p its graphs are plotted for

different values of o at some points of time Figure
6. As can be seen from the figures, increasing values
of a leads to slower advanced of p. As t
increases, the graphs spread in the environment. For
all considered values of « and given times
t=1800 , 2700 , 3600 s the stationary regime is not
reached.

On the basis of pressure profiles Figure 5,
Figure 6 the filtration velocity fields are plotted in
Figure 7, Figure 8. The character of filtration
velocity change remains the same as in the case of
constant boundary pressure Figure 3, Figure 4. The
difference is a decrease in the values of o at the
corresponding points of X for the same values of «
and t. This is due to the slowing down of the
pressure growth velocity at the boundary x=0 and,
consequently, of the pressure gradient in the
medium. As in the case of pressure changes, the
growth of ¢ and the gradual increase in pressure at
the x=0 boundary additively slows the development
of filtration velocity profiles.

P07 a pl b

Fig. 5: Pressure profiles at o =0 a), 0.2 (b),
0.4(c), 0.6 (d), t=900 (—), 1800 (- --),

Source: created by the authors
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Source: created by the authors

251-1&17, ms i mi‘l[li‘[f:f\’ b

. i
.
hrS
------- »m ANt e e
el nooa e ]
- W 0"

Fig. 7: Profiles of filtration velocity at « =0 (a),
0.2 (b), 0.4(c), 0.6 (d), t=900 (—— ), 1800 (

Source: created by the authors

Now let us consider the results obtained for the
boundary conditions (18). In this case, the pressure
at the boundary x=0 varies according to a sinusoidal
law. The variation of p at different time points of t
for some values of « is shown in Figure 9. In
contrast to the previous cases, in this case we obtain
a non-monotonic change of pressure in the medium
with increasing time t.

In the phase of pressure increase at the

n .
boundary, when OSthE, the pressure in the
medium increases. In the depressurization phase at
V/d 3z .
the boundary, when B <wt< - the pressure in

the medium starts to decrease starting from the
boundary x=0. At t=600 s, the pressure up to point

A Figure 9a will be lower than the pressure at
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t=300 s. At time t=900 s, the pressure up to
point B will be lower than the pressure at t =300 s.

w10, S

045
040
13
030}
025} "
b
015
010

0.05
00 Wi L 000

0 5 10 15 0

0.4 (----), 0.6 (—)
Source: created by the authors

At t=1200 s, the area of reduced pressure
compared to t=300s reaches the C point. At
t=1500 s, when the boundary pressure reaches ~
2p,, a pressure higher than at t=300 s is established

. . ) ) 5
in the entire medium region. When 7”3(0&37[,

the pressure at the boundary x=0 decreases and this
causes the pressure in the medium to decrease
starting at Xx=0. The pressure graph at t=1800 c

intersects the graph at t =300 S at point D, which

have coordinate less than the coordinate of point A
. This is explained by the fact that in the first cycle
of pressure change during the period 0 <wt <27,

the pressure in the medium developed from the
initial zero state according to the initial condition

p(O, X): p, =0. At 57” <ot <37, the pressure
change starts from the state of the pressure
distribution at @t =57”, which is naturally non-

zero. This also explains why the pressure
distribution is everywhere higher at t =1500S than
the distribution at t=300s. Thus, the harmonic
mode of pressure variation at the boundary x=0
leads to oscillatory pressure variation up to certain
distances from the boundary. Comparing the plots of
Figure 9, we can observe a decreasing of p
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development with increasing the values of « . The
delaying effect of o can also be seen in the plots of
Figure 10a, Figure 10b which show the pressure
distribution at different values of o« for two time
points. As the « value increases, there is clearly a
delay in the development of pressure profiles.

The change in filtration velocity corresponding
to the parameter change options in Figure 9a, Figure
11b is shown in Figure 11a, Figure 12b. The most
distinctive feature of change of o in this case is the
appearance of its negative values, etc. the presence
of reverse filtration flows. This is a consequence of
the non-monotonic pressure distribution in the
medium. In the depressurization regime, the
pressure at the x=0 boundary within the medium has
a higher value than at other values of X. In the zone
where p has an increasing distribution the pressure
gradient has positive values, which according to
Darcy's law gives a negative value of v. A reverse
flow occurs in this area. At the same time, in the
zone of pressure decrease along X, filtration flow
towards the x=L,,4 end continues. Thus, from the
point with maximum value of p inside the medium,

filtration flow develops both to the right and to the
left.

10, 2y b

Fig. 9: Pressure profiles at =0 (a), 02 (b),
04 (c), 0.6 (d), t=300 (— ), 600 (----),
900 (- - -), 1200 (—-—-— ), 1500 (~ -

1800 (—--—--—)s
Source: created by the authors
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) L (R |

Fig. 10: Pressure profiles for different « at t =900
(a), 1800(b) s, =0 (------), 0.2 (=-—-— ), 0.4 (-
--), 0.6 (—)

Source: created by the authors

vl s ‘

el 0 b
1 LU‘ s

-l‘_; { 5
FIN

N “'.‘
S I AN i

) 5 0 5 805 ¥ T

Fig. 11: Profiles of filtration velocity at ¢ =0 (a),
0.2 (b), 0.4(c), 0.6 (d), t=300 ( — ),600
(), 900 (---), 1200(—-—-—), 1500(—- - )

, 1800 (—++—+-)s
Source: created by the authors

Y 107, wis a oI s b

=3 L . i Jig

L L &,m
0 2 4 b 8 10 0 1 2 3 4 5

0.4 (----), 0.6 (—)
Source: created by the authors
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As values of « increases, values of o
decreases and the zone of distribution of filtration
velocity in the medium decreases. This means that
the zone of fluid flow does not reach the end of the
Xx=L

In Figure 11b, Figure 11c, Figure 11d it can be
found that o reaches almost zero values with
increasing values of ¢ at relatively small values of
X. This can also be verified from the pressure
distribution shown in Figure 9b, Figure 9c, Figure
9d. They show how, with the increasing the value of
o, a zone with almost zero pressure gradient
appears starting at which X. For two values of time
t, the distribution of o with increasing values of
o is shown. The delaying effect of o on the
development of v is clearly visible in the graphs.

med *

6 Conclusions

The piezoconductivity equation based on the
generalized Darcy's law is supplemented with a
fractional derivative of the pressure gradient, which
allows more accurate modeling of filtration
processes in porous media with delays and memory
effects. The introduction of the fractional derivative
reflects more complex processes that cannot be
described by traditional differential operators. This
leads to slower changes in pressure and filtration
velocity, especially since significant delay effects
were observed when the order of the fractional
derivative was increased. This means that the higher
the order of the fractional derivative, the more
pronounced the delay effects on the pressure
variance and filtration velocity. When the ambient
boundary pressure is given in exponential form,
there is a more pronounced lag of pressure profiles
and filtration velocities. When the pressure at the
boundary of the environment is varied in a
sinusoidal mode, non-monotonicity of the pressure
and filtration velocity distributions is observed. In
particular, up to a certain distance from the
boundary of the medium, oscillatory changes in
pressure and velocity profiles appear, which indicate
the phenomena of inertial shock in porous medium.
An important part of this process is the formation of
reverse filtration currents. This behavior indicates
that filtration in the medium can occur in the
direction opposite to the direction of the initial
pressure. These results show that the fractional
derivative of Darcy's law can account for memory
effects, which is important for modeling filtration in
complex, porous, or anisotropic media such as oil
reservoirs or groundwater.
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