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Abstract

We propose a new hybrid stellar model whose matter distribution is characterized by two components:
normal matter and strange-quark matter. The construction of this gravitationally bound hybrid star
involves a complexity-free condition, which is used to derive the temporal metric function. However,
for the radial metric function, the well-known Finch-Skea metric potential is considered. To elaborate
on the interplay between the matter variables of the complexity-free hybrid star, we employ the
popular MIT bag model. We analyze the physical effectiveness of the complexity-free hybrid
astrophysical configuration by constructing closed-form analytical solutions and then performing a
complete graphical analysis to capture the model’s physical features. This is achieved by considering
six model stars as prospective models for strange quark-matter self-gravitating systems, such as Her
X-1,SMCX-4, VelaX-1,4U 1538-52, PSR J1614-2230, and Cen X-3. We show that the proposed
hybrid stellar model is robust for accurately estimating the measured radii of the above-mentioned
astrophysical configurations. In addition, several physical tests have been performed to ensure the
applicability and physical consistency of the suggested model. In these tests, both analytical and
graphical evaluations are included, which involve the analysis of several factors, including physically
acceptable behaviors of structural variables, the equilibrium of external forces, the mass-to-radius
ratio, energy bounds, gravitational redshift, and related quantities. Our findings indicate that the
presented hybrid star model fulfills the required physical constraints for an astrophysically valid
compact system.

1. Introduction

One of the primary areas of interest for researchers in stellar physics and cosmic science is exploring the strange
features and outcomes of relativistic gravitational collapse in astrophysically dark stellar systems. These
astronomical entities are produced during the final phase of stellar processes. Although there are numerous
indications that compact objects are extremely dense and have a small radius, their precise nature is still unclear.
Astrophysical stellar systems are classified into several groups based on their compactness factor, involving
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quark stars, black holes, ultracompact stars, neutron stars, and white dwarfs [ 1]. The nature of these self-
gravitating compact systems can be determined by constructing the closed-form or numerical solutions of the
stellar structure equations based on Einstein’s or other gravitational models. In this pursuit, the first relativistic
closed-form stellar solution describing the slowly evolving, self-gravitating spherical system with isotropic
matter content was proposed by Schwarzschild. Oppenheimer and Volkoff [2] investigated the balance of
gravitational interactions in stellar-mass neutron stars (NS) using the static self-gravitating stellar model
proposed by Tolman [3]. Many notable researchers in astrophysics have made significant contributions in the
analysis of geometrically deformed high-density astrophysical bodies and black holes in Einstein’s model, as well
as in other higher-curvature models of gravitation [4-7].

Highly dense astrophysical objects, such as stellar-massive NS, are considered extremely fascinating cosmic
elements across various scientific domains and study areas, such as quantum nuclear physics [8], astrophysical
nuclear science [9], and relativistic gravitation [ 10]. This can be attributed to the results of extensive research into
their interior characteristics and the identification and exploration of intricate processes within their structures.
The groundbreaking discovery of heavily compact NS and NS mergers has sparked renewed interest in this field
of study[11, 12]. The results have provided evidence for the identification of two NS, each possessing a mass of
approximately two solar masses [13, 14]. The possible existence of strange matter in massive NS has been the
subject of numerous studies [15]. The stellar NS are cosmic laboratories, allowing us to explore the densest
matter known to exist (with a density in the range of ~10'"> — 10'” kg m ). Recent LIGO/Virgo gravitational
wave discoveries have made these celestial bodies even more fascinating [16]. Hence, NS can be regarded as ideal
cosmic objects for investigating higher-curvature gravitational models and nonconventional physics.

Itis believed that SQS are completely composed of deconfined strange-quark matter [9]. On the other hand,
hybrid stars usually have a core of deconfined quark matter surrounded by an outer shell of hadronic (baryonic)
matter [17]. A phase transition layer separates these regions, and depending on the underlying physical
assumptions, this layer may be a mixed phase (represented by a Gibbs construction) or a sharp boundary
(described by a Maxwell construction). The hypothesized gravitationally compact systems known as SQS fall
into the category of ultra-dense neutron stars. The presence of strange matter in stellar distributions was initially
suggested by Itoh [18]. Expanding on this investigation, Bodmer [19] pointed out that the SQS, regulated by up,
down, and strange quarks, exhibits greater stability than ordinary matter. These stars may consist entirely or
partially of exotic quark matter, challenging the limits of our understanding of matter. By introducing the
interaction between strange quark matter and baryonic matter, we can unravel the mysteries behind the
development of gravitationally bound strange configurations. In this regard, Alford [20] suggested that
conditions of sufficiently high density and low temperature within NS cores could lead to the compression of
hadrons into quark matter. Strong evidence suggests that NS can rapidly transform into SQS via a violent
deflagration, transforming nearly the entire star in mere milliseconds [21]. On the other hand, the authors of
[22] examined the dynamical behavior and various structural features, along with observational consequences of
SQS, that could differentiate them from NS. When the matter density in the quark matter stellar distribution
approaches extremely high values, the quark-gluon separation phase occurs. These fascinating objects, known as
hybrid stars, feature an intriguing structure with a hadronic outer layer enclosing a core composed of quark
matter or a combination of both [23-28]. By solving the hydrostatic equilibrium relation and utilizing an
equation of state (EoS) that integrates our theoretical knowledge of dense matter, one can compute the mass of a
NS. The combination of hadronic and strange matter within their individual theoretical frameworks gives rise to
the hybrid EoS. Although considerable progress has been achieved in the atomic-scale framework for the
nucleonic EoS [29-31], the mystery of quark matter at extreme densities persists, as a definitive EoS, crucial for
neutron star models, remains elusive.

Isotropy is a common assumption to model the interiors of gravitationally bound systems. Generally, no
gravitationally compact stellar object displays the characteristics of a purely isotropic or perfect fluid. Therefore,
the incorporation of unequal principal stresses (anisotropic pressure) is equally crucial for the construction of
realistic representations of gravitationally confined configurations. According to Ruderman’s studies, if the
matter density associated with a gravitationally confined system exhibits higher values (i.e., >10"°g cm ™), then
the compact configuration becomes anisotropic in nature [32]. These findings suggest that the radial (P,) and
tangential (P,) pressures may differ in such highly dense self-gravitational stars. The term anisotropic pressure
signifies a physical situation P, = P,. Anisotropic pressure naturally occurs in boson stars, hypothetical
astrophysical compact systems of dense matter formed through the interaction between a complex scalar field
and the gravitational field. In the same manner, the stress-energy tensor corresponding to fermionic and electric
fields is anisotropic. Local anisotropy is observed to significantly influence the structural properties of
gravitationally compact systems [33—41]. Different physical phenomena and high-density regimes cause the
pressure to split in different directions, leading to pressure anisotropy [42]. Unequal principal stresses may arise
in the stellar systems undergoing exotic phase transitions, type-P superfluid, the geometry of the 7~ modes, solid
cores, and boson stars (see [42] and references therein). Additionally, several notable investigations into the
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dynamics of stellar configurations have been conducted under various conditions, incorporating extra degrees
of freedom [43-52]. Pressure anisotropy in dense-matter compact stars can arise from various sources,
especially in extreme environments. At incredibly high densities, such as those found in the cores of self-
gravitating compositions, interactions between fundamental particles like quarks, baryons, and leptons can
create a non-uniform distribution of pressure. This anisotropy happens because these particles can have
different interaction cross-sections, varied mean free paths, or undergo condensation processes. Anisotropic
pressure components may arise from the formation of color superconductivity or superfluidity in hybrid
configurations and quark matter phases, particularly in the presence of strong pairing interactions. Strong
internal magnetic fields or differential rotation can enhance anisotropic effects through directional stress
contributions. However, this lies beyond the scope of the present investigation. Theoretical investigations
suggest that certain quark matter phases might form non-uniform structures. This inherent structural
arrangement can naturally lead to anisotropic pressure tensors within the material.

We can examine unequal principal stresses in terms of another physical quantity that captures the
characteristics of stellar bodies, involving both anisotropic pressure and density gradients. This quantity is
termed the complexity factor. Significant work has been done to formulate a well-defined interpretation of
structural complexity across various scientific disciplines [53—55]. Despite these attempts, an unambiguous
description characterizing the true meaning of complexity has not been achieved. Scientists have tried to capture
complexity in various ways, often using concepts like information and entropy. The goal is to measure
something fundamental about the structure of the system. In the context gravitationally bound systems with
spherical symmetry, such as NS and white-dwarf structures, the notion of complexity based on the formalism
proposed by Lopez-Ruiz and his coworkers has been employed previously [56—58]. A generalized definition
capturing the complexity of gravitationally compact objects was proposed in [19] for both the static [59] and
non-static [60] spherical cases, addressing the two shortcomings of the previous definition. The novel definition
is interesting due to the involvement of the fluid’s pressure and matter density. However, the previously
developed notions of complexity lack some essential fluid variables, including matter density and stress. This
formulation is rooted in the basic assumption that a compact configuration governed by a uniform and perfect
fluid corresponds to a complexity-free structure. By using this as the basis for zero complexity, the notion of
complexity derives from the development of the basic framework for gravitationally strange stellar systems in
general relativity. This functions similarly to an EoS that leads to the closure of Finstein’s stellar structure
equations when a value for the complexity factor (Yrz) is set (for instance, Y7 = 0). The variable that measures
complexity, Yrp, originates from the orthogonal decomposition of the Riemann-Christoffel tensor.

The term Y7 was introduced as a key measure for determining the structural complexity of spherically
symmetric and static compact stars of dense matter. This proposal arises because Y7 explicitly incorporates the
terms of pressure anisotropy and density gradient. These are key parameters for capturing the physical
characteristics of anisotropic stellar configurations, including neutron stars and strange matter structures.
Mathematically, Y7z can be defined as

4 r
Yip = 8rll —r—f j; [0 ()] ydy, (1)

Anisotropy

Density  Inhomogeneity

which clearly signifies the role of Y in capturing the physical features, such as pressure anisotropy and density
inhomogeneity associated with compact stars. In equation (1), o= o(y) + o7, which characterizes the
contribution of quark matter in the definition of Y75. The authors of [61] demonstrated that an array of
equations characterizing the composition and evolution of compact spherical stars with anisotropic fluid
content can be defined in terms of five scalar functions. Moreover, they showed that these scalar functions can be
used to formally define all possible solutions to Einstein’s equations in static scenarios. Their study revealed that
Y7ris one of these scalar functions, which defines the impact of density inhomogeneity on the active gravitational
masses of relativistic compact stars. The condition Y= 0 indicates a state of the system in which the combined
contributions of anisotropy and density inhomogeneity reduce to a balanced configuration. However, we
emphasize that Y= 0 is not meant to take the place of the conventional EoS, but rather serves as an additional
constraint that enhances the EoS and provides information about the structural characteristics of the system. In
particular:

+ Structural Role: Condition Y= 0 represents a balanced anisotropie scenario, leading to a simplified and
potentially stable configuration. This implies that this constraint can significantly influence the stability and
development of relativistic structures.

+ Relation to EoS: The EoS defines the thermodynamic relationship between pressure and density within the
compact configuration. In contrast, the condition Y= 0 governs the spatial distribution of anisotropy
within the stellar interior.
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To describe the thermodynamic state of the matter in neutron stars, the conventional EoS is essential since it
establishes the connection between physical variables, such as matter density and pressure. On the other hand,
Y7r= 0 results from the physical and geometric framework of classical GR equations. It places a requirement on
the anisotropic pressure components, which has an indirect effect on the structure, but it does not directly
dictate the thermodynamic characteristics. We employed Y7 = 0 as a heuristic constraint to discover exact
analytical solutions to Einstein equations for anisotropic relativistic configurations. Recently, there have been
several applications of the condition Y7 = 0, including gravitational decoupling [62], dark energy stars [63]
black holes [7], gravitational cracking [64], and the evolution of anisotropic stellar configurations [65].

The fundamental motivation for employing ‘complexity-free’ features in the modeling of self-gravitating
stellar configurations, particularly compact stars, lies in the need to obtain closed-form solutions of the
gravitational field equations. Complexity-free criteria often simplify an intricate gravitational system into a more
manageable set of ordinary differential equations or algebraic relations. This enables the construction of
analytical solutions that offer fundamental understanding of the astrophysical structures without relying on
intensive numerical computations. Simplified analytical models reveal key relationships between internal
physical features of compact stars and their observable behaviors, offering a useful framework for guiding
numerical simulations and interpreting data. Models with zero complexity provide an approachable framework
for studying fundamental aspects of compact stars, such as the occurrence of maximum masses, the function of
anisotropic stresses, and the relevance of certain EoS.

This study models the hybrid star using an effective EoS that describes a continuous mixing of baryonic and
strange-quark matter within its interior. This phenomenological approach offered mathematical tractability,
enabling a qualitative study of the gravitational and structural behavior of compact stars with a nontrivial matter
composition in our theoretical framework. There is a series of astrophysical studies focusing on the modeling of
hybrid self-gravitating stars with anisotropic fluid distribution by employing the MIT bag model in Einstein’s as
well as modified gravitational models. These studies highlight the role of the MIT bag model in developing
analytical solutions characterizing anisotropic hybrid stars [66—70].

Itis believed that the mixed phase, depending on its existence, would only appear across a restricted density
spectrum. This is particularly important in the case of a sharp first-order phase transition, as there may be no
mixed phase and a discontinuous jump in density at the transition point. Since the MIT bag model is widely used
as an initial approach in the literature and is analytically tractable, we adopted it to optimize the formalism for
modeling the EoS of strange quark matter in our work. We agree that this model does not fully capture all aspects
of quantum chromodynamics (QCD), but it is still a valuable phenomenological tool for studying the principal
features of stellar configurations. To facilitate analytical analysis and focus on the gravitational dynamics of such
structures, we modeled the stellar interior as a continuous mixed phase of baryonic and strange-quark matter.
To facilitate analytical analysis and focus on the gravitational dynamics of such structures, we modeled the stellar
interior as a continuous mixed phase of baryonic and strange-quark matter. In more realistic contexts, the phase
transition between baryonic and quark matter occurs at high densities, potentially leading to a sharp interface,
especially as predicted by the Maxwell construction. The Gibbs construction, which allows for a continuous
transition influenced by surface tension and charge screening effects, aligns more closely with the mixed-phase
scenario employed in our model. However, as the reviewer rightly pointed out, the presence and extent of such a
mixed-phase region are highly sensitive to these physical parameters. It is important to note that more realistic
descriptions of phase transitions in hybrid stars typically use either the Maxwell or Gibbs constructions,
depending on assumptions about surface tension and global charge neutrality [23, 71]. Our simplified method,
which assumes a continuous transition without imposing a sharp interface, is more in line with the Gibbs-type
treatment.

Building on the previously mentioned findings, our goal is to conduct a comprehensive analysis of how
anisotropy influences the structural features of gravitational hybrid stars under the zero- complexity condition.
In this article, we use the popular MIT bag model for quark matter. Numerous scientists have frequently used
this model to develop SQS [72—76]. We hope that this research will make significant contributions to the field of
stellar physics and cosmology, particularly in the areas of high-gravity regimes and exotic matter states. The
manuscript is structured as follows: The mathematical formalism required for the gravitational field equations
and the EoS for the MIT model is discussed in section 2. We also discuss the junction condition for the
complexity-free hybrid star model in the same section. In section 3, we provide a fundamental formalism for
developing the complexity-free stellar structure. Then, by considering the radial metric function corresponding
to the Finch-Skea model, we formulate the temporal counterpart in section 4. Subsequently, the anisotropic
solution with complexity-free characterization is developed using the MIT bag model in the same section. In
section 5, we explore the conditions of physical acceptability and stability constraints, along with key physical
properties necessary for the realistic modeling of strange stellar structures. Finally, section 6 presents a summary
of the results, accompanied by a comprehensive discussion and future directions for the work.
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2. The general formalism

Einstein’s gravitational model connects the distribution of material content and energy with the geometric
structure of spacetime, and conversely, the spacetime geometry influences the motion of matter and energy. The
interrelated nature of matter, energy, and spacetime is represented mathematically using a tensorial formalism.

1
G'U'” = R:U’V - Eg,U/UR = SWTAE?()’ (2)

Here, the tensorial term R,,,, symbolizes the Ricci tensor, while the scalar term R represents the curvature scalar.
These factors are determined using the metric tensor g,,,,, which captures the geometric features of spacetime.
For simplicity, we adopt a system of units where the gravitational constant (G) and speed of light (c) are defined
as unity. The matter-energy content is defined by the stress tensor TEJZ with energy density 0% and stress

components P (radial) and P (tangential) as
T, = diag(o¥f, —P#, —p¥, —p). 3)

For a static, spherical relativistic matter distribution with differentiable geometric variables e YO and e O, the
interior Schwarzschild metric reads

ds? = e?"dt? — A2 — r2(dh? + sin?0dp?). 4)

Next, we define the effective stress-energy tensor T;?Z as

TH = T, + T}, (5)

where the component T, of the stress tensor characterizes the distribution of baryonic matter, the gravitational
source, which is modeled as anisotropic to account for the influence of the surrounding matter, as commonly
observed in standard astrophysical structures. This component shows how pressure gradients, rotation, and
strong interactions cause gravitationally compact systems to deviate from the isotropic regime. However,
component T}}, characterizes the distribution of quark matter, which is described by a specific EoS. This element
captures the interactions and thermodynamic features of quark matter in highly dense environments, such as
the cores of hybrid stellar structures [77]. The terms T}, and Tg,, are defined as

") = diag(o, —B, —P, —B), (6)
TP = diag(04, —P1, —P1, —P9), ()

respectively. Consequently, the non-zero null mathematical terms associated with Einstein’s gravitational
equations read

/
G', = 8nT'¥ . iz - (iz - i)“ = 8o, ®)
r r r
r r(eff) 1 1 v Y eff
G ,=8T""'"':——+|—=+ — e =8nP7, )
r? rr o
/
G’ 0= 87TT9(§ﬁ) : i[ZV” + 1/’(1/’ - N+ E) - ZA]B_A = 87rPfﬁ, (10)
r r
where f’ := 0,. The stress tensor corresponding to the two-fluid model can be expressed as
7' = oo = 5 + o4, (11)
"9 = —pF = —(B + P9, (12)
T@(zﬁ) _ Trﬁ)(;ﬁ) = 7pteff = —(B + P9), (13)
T =0, with p = v. (14)

In the above set of equations (11)—(14), 0%, Pf, and P/ denote the energy density and principal stresses associated
with the quark matter, respectively. The MIT bag model EoS [22, 78] governs the pressure-density relationship
for quark matter, which is expressed as

pi1= é(aq — 4By), (15)

where B, denotes the bags constant. The MIT bag model has commonly been employed to model the
distribution of quark matter within static, spherical stellar compositions, such as quark stars and neutron stars
[79-81]. In its most basic version, the MIT bag model usually considers quarks to be free particles trapped in a
bag with a given vacuum energy density (B,). It lacks an inherent mechanism to account for dynamical chiral
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symmetry breaking, which is a fundamental aspect of QCD at low to moderate densities. However, quark-quark
interactions responsible for dynamical chiral symmetry breaking and its restoration at higher densities are
explicitly incorporated in the Nambu-Jona-Lasinio (NJL) model [82]. This can significantly influence the EoS
and the properties of quark matter. In the traditional MIT bag model, quarks are assumed to have fixed, tiny
current masses that are contained within the bag. In contrast, the NJL model includes dynamically produced
quark masses that fluctuate with density and temperature, providing a more accurate description of quark
behavior in severe situations. A non-perturbative vacuum pressure, represented by the bag constant By, is used in
the MIT bag model to parameterize confinement. Although it provides a simplified view of the intricate, non-
perturbative interactions between quarks and gluons, it is effective in explaining some elements of hadron
spectroscopy. Despite being a theoretical framework, the NJL model includes effective quark-quark interactions
that may replicate scalar and pseudoscalar interactions, two features of the fundamental mechanics of QCD.
Color superconducting phases of quark matter at large densities can be predicted by extending the NJL model to
incorporate diquark pairing interactions. The cooling and transport characteristics of compact stars are
significantly impacted by these phases. Color superconductivity must be provided as an additional component
because it is not inherent in the fundamental MIT bag model.

The choice of the bag constant B, in the MIT bag model, which characterizes the quark matter phase, hasa
significant impact on the predicted properties of hybrid stars, particularly their mass-radius relation and
stability. In general, lower values of B, yield a stiffer equation of state (EoS) for quark matter, allowing hybrid
stars to sustain higher maximum masses. Conversely, higher values of B, typically produce a softer EoS, leading
to lower maximum masses. This occurs because a larger bag constant increases the vacuum energy contribution,
making quark matter less bound and thus effectively softer. The influence of B, on the stellar radius is more
nuanced and can vary depending on the specific mass range, the properties of the hadronic equation of state, and
the nature of the phase transition.

* Asofter quark matter EoS, associated with higher values of B,, can cause low-mass stars to exhibit reduced
radii due to the increased central density needed to balance pressure gradients.

+ This tendency may change near the maximum mass, with models featuring different bag constants showing
variations in the corresponding stellar radius.

The dynamics of phase transitions between the hadronic and quark matter phases and the compressibility of
these phases have a crucial impact on the stability and equilibrium of hybrid stars. The stability of the resulting
hybrid star is indirectly influenced by B, through its effect on the quark matter EoS. For instance, an extremely
soft quark matter EoS may lead to unstable configurations following the phase transition.

We employ an additional constraint within the context of normal matter. According to this constraint, the
radial pressure associated with normal matter is considered proportional to its energy density, that is,

B = mo, (16)

where m is the EoS parameter, with m € (0, 1) and m = %

The mass of a relativistic, spherical astrophysical compact configuration has the form

MT () = 201 = e, (17
which can alternatively be expressed as
M r
e 4rrio = MY = 47rf o (y)y?dy. (18)
r 0

The above relation may be defined via energy density of normal matter plus the energy density of quark matter as

MY = 47rf o(x)y2dy + 47Tf al(y)y’dy, (19)
0 0
MY = M + M, (20)

where the mass functions corresponding to regular matter and quark matter are denoted by M*and M4,
respectively. The metric describing the geometry of the Schwarzschild outer spacetime is defined as

2
ds? = f(r)dt* — ar r2(d0? + sin? 0d¢?), (21)
[
where f(r) =1 — %, with M representing the mass corresponding to the hybrid stellar structure. Next, the

continuity of the geometric variables gyo and g;; and % at the stellar surface r = ry; yields
r

6
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Continuity of g, : e”> = (1 — %), (22)
b))
am
Continuityof g, : e = (1 - —) , (23)
s
d A
Continuity of % [di] = %, (24)
dr dr |, 155
Vanishing of pressure : [B]x = 0, (25)

where the subscript & shows that the quantity is measured on the boundary of gravitational compact system.

3. Complexity-free relativistic framework

The authors of [61] developed certain mathematical scalar components of the Riemann tensor R ., that emerge
as aresult of the orthogonal splitting of R ;... These fragments of R .., have proven to be vital in exploring the
physical features of astrophysical stellar structures [59, 60, 83]. These scalar terms are essential to this
investigation, as the mathematical term used to gauge the gravitational complexity in astrophysical compact
entities is a trace-free term of R ;... The modified form of Y7 has been explored by several researchers within
the context of slowly evolving and dynamical spherical stellar distributions by considering different gravitational
models [34, 84]. The true significance of this definition becomes apparent when it is used as an additional
constraint to solve the gravitationally compact systems. In this respect, the authors of the studies [85-87] have
shown that the notion of Y7 can be employed to explore the impacts of gravitational decoupling on the
structure of astrophysically dark objects. Additionally, some studies have also discussed the generic astrophysical
features of stellar objects by employing a complexity-free scheme [5, 88, 89]. To formulate the expression for
complexity factor, we begin by defining the electric part of R ,, ., which has a particular mathematical form (see
[59] for details). The orthogonal splitting formalism yields the following tensorial terms

Y,ul/ = R,ual/;;.) usu~, (26)
Zm/ = R,ua/w UsU%, (27)
X = RY, UUY, (28)

where U" denotes the four-velocity and * represents the dual tensor, i.e., R, = %77675“) R, 7, with 7., being

the Levi-Civita tensor. Then, using the Einstein field equations with anisotropic matter distribution, Riemann
tensor can be defined as (see [59] for details)

L 1 L 3 L
R, = CM,, + 87TV 67 | + 87TT(§6’ (0o — 6,6 w]), (29)

where T'is the trace of stress-energy tensor. The above expression can be decomposed as
R/LEVW = RME(I)l/w + RH((H)W; + RME(III)VLU" (30)

where

. 1 . .
R™ ., =16mo U, 6, + 287Ph'¥ 6 | + 81 (o — 3P)(§6” 0wy — 0,67 u,]), (€2))

Rig,, =16m (18", 69 ), (32)
Rl(tlil)yw :4U[/J/[][VE€]UJ] - 5;1,6 )\ngwa)\p’ (33)

where P= (P, +2P,)/3, h,,, = g, + U, U, is the projection tensor, E,,, denotes the electric part of Weyl tensor,
and

guau = U)\/r])\,u,c"l/’ 5/1,51/ U’=0, (34)

where we have used the fact that magnetic part of Weyl tensor (H,,, = “C

LevwU - U™) vanishes in case of spherical
symmetry. Then, consequently, the tensor Y,,,, can be expressed as

4
Yuu = ?ﬂ-((jeﬂ + 3P) h;w + 47TH/W + Eul/: (35)
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which maybe defined in terms of its trace (Y1) and trace-free (Y7x) components as
1 1
Y/u/ = gYTh;u/ + YTF(XMXV - ghw/)a (36)

where h,,, =g, + U, U, is the projection tensor and A}, represents the unit four vector. The scalar terms Yrand
Yrrare defined as
Yy = 4n (o + 3PY — 2114), Yy = 4x1l + E. (37)

Here, 1T = P¥ — P4 is the anisotropic scalar and E is Weyl scalar. The scalar Yoy can be defined in terms of
energy density of the stellar structure as

4 r
Vi = 871l = =3 [ [0 (0T, (38)
r 0

Yrr = 87(B, — B) — 4_737fr [o(y) + a1(y)]ydy. (39)
r3 Jo

On substituting the values of matter variables, we get

VI[r(N — v + 2] — 2r”

Yir = G (40)
Then, by employing the complexity-free constraint (Y= 0), we have
2riv" — (N — v/ + 2)v' =0, (41)
which upon integrating and rearranging provides the following result
r 2
e’ = (Af reN 2dr + B) , (42)
0

where the terms A and B are integration constants. In this respect, the following points are worth noting:

+ The scalar T'rpvanishes not only for astrophysical stellar systems with uniform density and pressure but also in
scenarios where these factors counterbalance each other.

+ The previous point implies that numerous astronomical compact configurations may satisfy the condition
YTF =0.

+ Itisimportant to point out that, for any relativistic stellar system, anisotropic pressure contributes locally to
Y7 =0, while the non-uniformity of energy density contributes non-locally.

+ Ifthe astrophysical fluid configuration involves electric charge, then the associated Y7 will comprise both
local and non-local contributions from the electric field.

4. Modeling hybrid stars under the condition Y7z =0

We aim to develop well-behaved astrophysical stellar solutions that describe complexity-free hybrid stars by
analytically solving Einstein’s gravitational equations for static, spherically confined distributions. This task is
challenging due to the non-linearity of the gravitational system of equations, and different astrophysical
approaches are commonly used to address it. Here, we construct an explicit metric potential based on the Finch
and Skea (FS) ansatz [90], which is often used for modeling astrophysical stellar structures. This metric ansatz
was employed by Duorah and Ray in the context of stellar structures [91]. They pointed out that this kind of
ansatz may not be compatible with the stellar structure equations characterizing the interior configuration of
compact gravitational entities. The development of astronomical compact systems has been significantly
impacted by this specific form of the FS ansatz, as its outcomes are widely accepted and meet all essential
requirements for physical feasibility [92]. This ansatz has been widely studied in both Einstein’s model and
modified gravitational models due to its astrophysical and cosmological applications [62, 93—96]. Inspired by the
previous discussion, we consider the radial component of FS perfect metric, given by

g, = A — 1 + 51’2, (43)

where Sis a constant of integration with units of [length ™~ %]. The FS metric is a well-known analytical solution to
Einstein’s field equations for a spherically symmetric, anisotropic fluid distribution. Its key benefits are that it is
mathematically tractable and yields physically plausible profiles for density, pressure, and anisotropy. It also
ensures vanishing pressure at the surface and remains regular at the core, making it well-suited for modeling
static, spherical matter compositions. The choice of this metric stems from its analytical tractability, which is

8



10P Publishing

Phys. Scr. 100 (2025) 085302 SKhan etal

crucial for developing closed-form solutions that describe dense matter objects. However, the generality of our
model is inherently limited by the use of the FS metric as an analytical solution. Since it represents a specific
functional form of the metric potentials, it may not fully capture the complex interior structures that could arise
from arbitrary EoS. The metric accepts anisotropic pressure and meets regularity requirements because of its
unique structure, but it does not allow for total freedom in choosing the equation of state. Rather of being
introduced independently based on basic microphysical principles, the metric determines or constrains the
equation of state to some extent. In contrast to many simpler isotropic models, it automatically integrates
pressure anisotropy, a critical property predicted in compact stars. Thus, although our results are valid within
the context of the FS geometry, their direct quantitative applicability to all possible compact star configurations
is limited.

Then, applying the complexity-free constraint (42) yields the temporal metric potential as

A(L + S22 ]2

35 (44)

el/(r) — [ B +
where B, and A are integration constants. These constants are calculated form the matching conditions (22)-
(25). Then, by applying the radial (43) and temporal (44) metric functions to the gravitational system in
equations (8)—(10), we obtain

S(3 + Sr?)
8 @y =22 T 45
m(o+ 0N = T (45)
SW(B_i_Pq):_S(3BS+A(—5+Sr2)«/1+Sr2)’ 46)
(1 4+ Sr2)(3BS + A(1 + Sr?)3/2)
_ 2y3/2
§n(p 4 p1y — _ S(=3BS + 5401 + 5r9°7%) @)

(1 + Sr)(3BS + A(1 + Sr3*/?)’
Then, by solving equations (45)—(47) by employing equations (15) and (16), we obtain expressions for o, P,, and
P, corresponding to the normal matter as
240+ r28Y/2(S(3 — r2S) + 87B, (1 + r25)2) + 3BS(167B, (1 + r25)> — S(3 + 2r25))
47 (3m — 1)(1 + r25)2(3BS + A(1 + r25)*/%)
b 2mA(1 + r%8)*2(S(3 — r28) + 8wmB,(1 + r25)?) + 3mBS(167B,(1 + r25)? — S(3 + 2r29))
' 41 (3m — 1)(1 + r28)*(3BS + A(1 + r25)*/?) ’

> (48)

(49)
. A1 + r28)*/2(32rmBy (1 + r28)? — S(r2S + m(—12 + r?S))) + 3BS(327rmBy(1 + r25)?)
87 (3m — 1)(1 4+ r2S)2(3BS + A(1 + r25)%/2)
2( 4.2 2
3BS2(r2S 4+ m(6 + r2S5)) 50)

- 87(3m — 1)(1 + r25)2(3BS + A(1 + r28)%/%)"
The variables associated with quark matter are defined as

—AQ + r29)¥2(32rmB, (1 + 125)2 — 38(—5 + 125 + m(3 + r25))) — 967mBSB (1 + r25)°/2

T 8m(3m — 1)(1 + r28)2(3BS + A(1 + r25)*/?)
3BS*(1 + 128 + m(3 + r29))
8m(3m — 1)(1 + r25)2(3BS + A(1 + r25)3/2)’
(51
o AQ+ PSPA=30mmB (1 + 1) + S(=5 + 1S 4+ m(3 + r7S)) + 3BS(=32mmB, (1 + r’S)’)

87 (3m — 1)(1 + r25)2(3BS + A(1 + r25)%/%)
3BS*(1 + 128 + m(3 + r2S5))
87(3m — 1)(1 + r25)2(3BS + A(1 + r25)%/%)’

(52)
The anisotropic scalar associated with baryonic matter takes the following form

2Q2
M=P—R s

"7 8r(l+ 129 &2

It is notable that the factor 2 is referred to as the anisotropic force, which is repulsive for IT > 0 and attractive

for IT < 0. The behavior of arnisotropic scalar is shown in figure 3 (left panel). According to this profile, the I1
exhibits positive behavior, resulting in a repulsive anisotropic force. This may lead to the emergence of more

9
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Table 1. The numerical values of A, B, S, and B, for different stellar structures by considering m = 0.4.

Compact Star M(M,) R(km) A(km™?) B S(km™?) By (km™?)

Her X-1[98] 0.85 8.5 0.00138408 0.708088 0.00346021 0.0000715922
SMC X-4[99] 1.29 8.8 0.00189296 0.642483 0.00535629 0.0000908958
VelaX-1[100] 1.77 9.5 0.00206444 0.581646 0.00658127 0.0000908958
4U1538-52[101] 0.87 7.8 0.00180283 0.573697 0.00583935 0.0000931452
PSRJ1614-2230[11] 1.97 103 0.00191347 0.619548 0.00566044 0.0000801591
Cen X-3[99] 1.49 9.2 0.00191347 0.619548 0.00566044 0.0000895411

dense astrophysical systems, as examined in [97]. In addition, the scalar IT vanishes within the core of the
astrophysical system, i.e., I — 0 as r — 0, as expected for a realistic stellar model.
The value of B, is evaluated using the condition P,(r=ry) = 0 as

5 SQA(=3 + r&S)(1 + r£S)? + 3BS(3 + 2r&S) /1 + r2S)

(54)
g 167 (3BS + A(1 + r28)¥/2)(1 + r28)3/2
The numerical values of the B, for different stellar systems are given in table 1. By solving the matching
conditions (41)—(43), we find
a= (55)
b
s=—=M (56)
(ry — 2M)rs,
~1/2
B= 1(5 - 12M)(1 - %) . (57)
6 s b

We require suitable values for the constants A, B, and S to graphically illustrate the presented complexity-free
hybrid star model. We calculate the values of A, B, and S for the stellar models considered, as shown in table 1.

5. Essential physical characteristics of the model

Understanding the composition and dynamics of astrophysical compact systems requires careful attention to
their physical characteristics. Anisotropy, density, and pressure are key variables that influence the composition,
stability, and evolution of these gravitationally confined distributions. By studying these parameters, we can
uncover key understandings of extreme conditions of matter. Investigating the physical properties of strange
stellar distributions enhances our understanding of both stellar and cosmological phenomena, advancing our
knowledge of fundamental physics in high-density regimes.

5.1.Regularity of the geometric and physical variables
A solution for a physically acceptable stellar model should exhibit finite, positive values for the metric functions,
indicating the absence of geometric and physical singularities.

2
[ D)oo =1, [e"P]— = (B + %) > 0. (58)

The variation of the geometric variables for the considered model stars is displayed in figure 1. Itis observed
that both geometric variables are well-behaved within the compact region. The central values of the density and
pressure components associated with baryonic matter are defined as

2A(3S + 87B,) + 3BS(16mB; — 395)

- 47(3m — DBS + A)

2mA(3S + 8mBy) + 3BS(167B; — 3mS)
47(3m — 1)(3BS + A) '

a(0) (59)

E(0) = R(0) = (60)

According to equations (59)—(60) that the central density and pressures are finite, indicating a singularity-free
model. The following factors are imperative for the model to be physically valid:

1. The gravitational fluid sphere must exhibit non-negative matter density and radial/transverse pressures, i.e,
0, P, P,> 0for 0 < r < ry. Furthermore, the P, must be zero at the ry,, i.e., P(r=rx) = 0.
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Figure 1. Plots of metric potentials versus r for the considered compact stars.
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2. The terms o and P, should decrease monotonically with increasing 1, i.e., ‘;—‘: < 0and % <O0forO<r<rs.

The behaviors of the quantities o, P,, P,, ‘;—U, and ? for the considered stellar models are described in
r r

figures 2—4. These profiles confirm that the proposed complexity-free hybrid star model satisfies the
conditions of physical acceptability.

Figure 5 displays the profile of energy density and pressure associated with quark matter. The graphical
representation shown in figure 5 illustrates that o ? reaches its maximum at the center and decreases
monotonically toward the boundary of the hybrid configuration, becoming zero at the interface with the
hadronic envelope. This behavior is consistent with physical expectations for hybrid stars. Furthermore, the
profile of p 7 also adheres to physical bounds, attaining its maximum at the core and vanishing at the boundary.
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5.2.Energy conditions

For an astrophysical compact formation to be stable and physically viable, energy conditions are one of the
essential ingredients. They ensure that characteristics such as density and pressure remain non-negative by
imposing fundamental restrictions on the matter-energy content of the stellar structure. By meeting these
requirements, gravitationally compact entities can avoid unphysical situations, improving our understanding of
their genesis, development, and ultimate destiny in space. The Weak Energy Condition (WEC), Null Energy
Condition (NEC), Dominant Energy Condition (DEC), and Strong Energy Condition (SEC) are fundamental
constraints that must be fulfilled by a realistic astrophysical stellar structure with anisotropic pressure. These
conditions are defined through the following set of inequalities.

(i) WEC:020, o+B>0, o+PF>0, (61)
(i) NEC:0+PB >0, o+DB >0, (62)

(i) SEC:0+B+2P>0, o+B>0, o+PB>0, (63)
(i) DEC:o > |Bl, o> |Pl (64)

The above-mentioned energy bounds are fulfilled for the proposed complexity-free hybrid stellar model, as
demonstrated by figure 6, which displays the behavior of these conditions for the considered compact stars.

5.3. Hydrostatic equilibrium

In general relativity (GR), the Tolman-Oppenheimer-Volkoff (TOV) equations are the recognized standard for
modeling the equilibrium of self-gravitating configurations. However, mechanisms from special relativity,
which neglects gravity, is often used to construct the EoS for dense matter, such as baryonic or quark matter. In
astrophysics, transitioning between these frameworks is a well-known yet challenging process. Although the
quantized EoS is frequently used in nuclear physics and GRis a classical theory, astrophysics often employs the
EoSin TOV equations as an approximation. The quantized EoS, when combined with the TOV equations,
represents the macroscopic gravitational dynamics of stellar formation while also capturing microscopic strong
interaction effects. Gravitational forces are negligible at the nuclear scale due to their size, whereas strong
interactions dominate. Gravity becomes significant at the macroscopic scale (stellar level), and the EoS is used to
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Figure 6. Graphical description of energy conditions against .

translate microscopic physics into the global behavior described by the TOV equations. Astronomical compact
objects can be described within the mixed framework, as it accounts for both macroscopic gravitational
equilibrium (via the TOV equations) and microscopic strong interaction effects (through the EoS). Prior
research has validated the approach, and the approximations used, such as mean-field theory, are widely
acknowledged. The balance of forces (gravity, hydrostatic pressure, and anisotropic pressure) within the
astrophysical compact system is governed by the generalized equation of hydrostatic equilibrium, defined as
follows

/ / q
VIT,, = 0 = ﬁ+’/_(o+pr)_E(B_B)_V_(Uq+pg)_di:0, (65)
dr 2 r 2 dr

which can be decomposed into three forces: F;, (hydrostatic), F, (gravitational), F, (anisotropic), and F, (quark
matter) defined as follows

F,+E+E+E=0, (66)
where
dp,

F=—-—==1 67
b n (67)

V/
f=-—+h, (68)

2

E = 7(3 - P), (69)
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/
v dp1
E=—2(o7+ Pl — . (70)
2 dr

The profiles of the Fy, Fy, F,, and F, forces for the model stars are displayed in figures 7-9. This figure shows that
the proposed complexity-free hybrid star is in equilibrium under these forces.

5.4. Causality condition

An anisotropic relativistic fluid sphere that is physically viable must adhere to the causality condition, which
requires that the radial and transverse sound speeds be less than unity. This specific constraint is referred to as
the causality condition. The sound speeds associated with radial and transverse stress components are defined as
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dP,
Vi=—"L=m, 71)
do
dp,
vi="1L (72)
do

To verify the causality condition, we plot V> and V;? versus rin figure 10 for the stellar models. We observe that
both V? and V/* satisfy the causality condition for the suggested solution. We now check if the proposed stellar
model satisfies Herrera’s cracking criterion [ 102]. The cracking scheme was employed by Abreu et al [103] to
evaluate the stability bounds of astrophysical stellar distributions. Mathematically, a compact region is stable if
V? — V? < 0.Figure 10 shows that throughout the complexity-free hybrid star, 0 < V> < land 0 < V7 < 1.
Furthermore, our model also satisfies the condition V? — V2 < 0, as demonstrated in the left panel of figure 11.
Thus, we deduce that the proposed stellar solution is potentially stable. In addition, the conditions 0 < V? < 1
and 0 < V7 < 1,alongwith |[V? — V7| < 1[104], are satisfied, as described in the right panel of figure 11.

5.5. Relativistic mass and compactness

The compactness of the purposed stellar system is evaluated by the dimensionless parameter, which is the ratio
of maximum mass to radius. This parameter has an upper limit. Buchdahl’s limit [105] specifies that the
compactness corresponding to the astrophysical compact configuration must be less than 4/9 in order to remain
stable. To determine the compactness factor, we solve the following expression for the relativistic mass of
compact structure, with the initial condition m(0) = 0.

amr
dr

= 47209 (1), (73)

where 0 ¥(r) = o(r) + o U(r). The integration of the above-mentioned differential equations with #1(0) = 0 yields
the mass of the complexity-free hybrid star as follows
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r SrS
MY (r) = 47rf r2o¥ (r) = — (74)
0 2(1 + Sr9)

According to equation (74), the effective mass M “Fvanishes at the central region, i.e., M . 0asr— 0,
indicating the regularity of M at the center. The variation of M %/ versus ris described in the left panel of
figure 12. The mass M ? is positive and increases monotonically with r within the complexity-free hybrid stellar
distribution.

07 ) = M) _ S (75)

s 2(1+ 52

The effective compactness behavior U accosted with the complexity-free hybrid stellar system versus r is

displayed in the right panel of figure 12. The plot of U7 versus rshowsa monotonically increasing trend and
satisfies the upper bound 4 /9.

5.6. Surface redshift

The surface redshift is one of the most significant variables in determining the compactness and gravitational
strength of astrophysical formations. The intensity of the gravitational field surrounding a compact stellar
configuration causes a shift in the frequency of light or radiation emitted from its surface. Higher redshift values
indicate stronger gravity, which is often associated with stellar models such as NS and quark stars. It also acts as
an observational tool to test theoretical models of stellar configurations, ensuring they are consistent with
Einstein and other modified gravity models. The effective redshift function Z# the suggested complexity-free
star is given by

1429 =1 - 207y 3. (76)

Thus, the effective surface redshift Z% can be calculated as

1
1 Y2
z¥ = ——| " - 1L 77
’ (1+Sr2) 77

According to Ivanov [106], the maximum value of Z, for an anisotropic fluid sphere is 3.842 in the absence of A
(the cosmological constant). As seen in figure 13, the redshift pattern associated with the complexity-free hybrid
stellar system is consistent and well-behaved. The redshift curve starts at zero and then monotonically increases
towards the surface.

5.7. Relativistic adiabatic index
This subsection aims to use the relativistic adiabatic index to ensure the stability of the suggested complexity-free
hybrid star model. The equation governing the adiabatic index undergoes alterations when pressure anisotropy

is present
P
r-2 %y (78)
P
P
=2 %, (79)
B
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According to Heintzmann and Hillebrandt’s analysis [ 107], the gravitationally bound system satisfies the
conditions of stability when I', and I'; take a value greater than 4/3. The equilibrium criterion requires that I

(r) > 4/3 for r < ry; within the gravitationally compact system, provided that P, = 0 [107—110]. We have
described the profiles of I', and I', for the considered model stars in figure 14. The graph demonstrates that both
I',and I', maintain values greater than 4 /3 throughout the complexity-free hybrid star, ensuring that the stability

requirement is satisfied.

6. Conclusion

This paper investigates the construction of hybrid neutron stars with complexity-free characterization induced
by orthogonal decomposition, using Einstein’s gravitational model. In this model, we incorporate two separate
fluid distributions: normal matter and quark matter. The strange matter is modeled using the EoS associated
with the MIT bag model, = %(Uq — 4B,), while the baryonic matter is described by a linear EoS, P, = mo.
Furthermore, we have incorporated the zero-complexity factor condition, which serves as an EoS to close the
anisotropic gravitational configuration. This condition is employed to derive the temporal metric function;
however, the radial metric function is considered based on the popular FK-ansatz, which is used as a seed metric
for the proposed model.

Although some of the fundamental components of our research, such as the use of Einstein’s gravitational
equations and stress-energy tensors, are based on conventional methods, they provide a foundation for the
exploration of new gravitational perspectives. In particular, our research offers the following novel insights:

1. This work incorporates the construction of a scalar function Y, derived from the orthogonal decomposition
of the Riemann curvature tensor. The quantity Y characterizes the density inhomogeneity and pressure
anisotropy, which are significant physical variables for exploring the underlying mechanisms of self-
gravitational stellar configurations. This scalar quantity highlights the critical features of dense matter
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configurations within a static and spherically symmetric framework. Several astrophysical investigations
signify the role of Y ras an important structural element in the context of complex stellar systems [111, 112].

2. The analysis, emerging from the application of the vanishing complexity factor condition, is considered
significant in determining several fundamental characteristics of the complex mechanisms involved in the
development of compact, static, self-gravitational objects [62, 63].

3. The incorporation of the Yrr = 0 condition plays a role in exploring the geometrical deformation of
astrophysical dark systems with anisotropic matter content.

4. The coupling of the anisotropic stress-energy tensor with the MIT model, subject to the Y7 = 0 constraint,
gives rise to many hidden physical features inherent in gravitational dynamics and can be useful in describing
the end states of compact configurations, including black holes, neutron stars, and other compact strange
configurations [113-115].

We use the matching constraints between the interior geometry and the Schwarzschild outer geometry to
determine the arbitrary constant parameters present in the anisotropic solution. We probe the physical
consistency of our findings against six model stars: Her X-1, SMC X-4, Vela X-1,4U 1538-52, PSR J1614-2230,
and Cen X-3. The presented complexity-free hybrid neutron star model is well-behaved and free from central
singularity. We analyze various astrophysical properties of hybrid stellar configurations, and the key findings
related to the model are summarized as follows:

+ The profiles of geometric variables is described in figure 1. Their profiles show that they meet the necessary
2
conditions and are finite, positive, and free of singularities, i.e., e’ = (B + %) ande®=1asr— 0.Both

functions exhibit monotonic increasing behavior, attaining their maximum values at the boundary.

+ The variations of stress components and matter density density against r are shown in figures 2 and 3. It is clear
that o, P,, and P, are non-negative and monotonically decreasing towards the boundary of the hybrid stellar
distribution. Additionally, P, vanishes at the boundary of each model star, which ensures the physical
acceptability of the presented solution. The central values of 7, P,, and P, reveal that they exhibit their
maximum at the core of compact configuration.

+ The graph in figure 4 illustrates that the radial derivatives of P, and o are non-negative, ensuring that both
quantities exhibit a decreasing trend as the radial distance r increases.

+ Figure 3 (right panel) reveals an interesting gravitational effect by showing that IT > 0 for each model star,
implying that the anisotropic force possesses a repulsive property. This positive value generates a repulsive
force that keeps the star stable and prevents it from gravitational collapse.

+ Figure 6 shows that the energy bounds corresponding to the complexity-free hybrid neutron star are satisfied
for each model star.

+ The equilibrium conditions for the hybrid stellar configuration have also been examined using the generalized
equilibrium condition. Figures 7-9 illustrate the behavior of the forces F,, Fj,, Fyand F,, showing that they are
all stable and maintained equilibrium condition corresponding to each model star.

« The profiles of radial (V) and tangential (V) sound speeds for the proposed hybrid solution are described in
figure 10. The dynamical equilibrium of the model is ensured by both V2 and V* sound velocities being in
accordance with Herrar’s stability criterion as shown in figure 11.

+ The positive values of the radial and tangential adiabatic index, i.e., I, = I} > % describe the stable nature of
the complexity-free hybrid neutron star as illustrated in figure 14.

+ The variations of effective mass, compactness, and redshift are displayed in figures 12 and 13. All of these
parameters are observed to exhibit a monotonic increase behavior with increasing r throughout the stellar
distribution.

In this work, we established a new hybrid star framework where the matter content is described by two
components: strange quark matter and regular matter. The model incorporates the well-known FS metric
potential for the radial gravitational potential, along with a temporal gravitational potential derived from the
complexity-free constraint. Although the interior composition and physical acceptability of such structures is
the primary focus of our investigation, we acknowledge that observational parameters, such as R ., are crucial
for bridging the gap between theoretical predictions and astrophysical observations. The proposed compact
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configuration utilizes the MIT model for strange-quark matter and assesses its consistency with physical and
observational constraints. The relativistic effects discussed in Haensel’s work [ 116] are naturally incorporated
into the model. Although the apparent radiation radius R . is a crucial observable variable that could be
addressed in future developments of our model, this work primarily assesses the coordinate radius R to
characterize the star’s structural features. The link between R and R, is indirectly validated by the compactness
and gravitational redshift analysis that are part of our work.

We have used a phenomenological approach to the phase transition from hadronic to quark matter. We do
not enforce a sharp boundary or use a phase transition technique like Maxwell or Gibbs. On the contrary, we
observe the star interior as a continuous mixing of hadronic and quark matter. This simplification enables us to
obtain analytical results and leads to a continuous variation of thermodynamic quantities within the star. As a
result, our model demonstrates the shift from hadronic to quark matter as a progressive process, yielding
continuous profiles of pressure, energy density, and other thermodynamic parameters throughout the stellar
interior. The contributions from both phases are effectively linked through the selected EoS and the metric
structure, with no well-defined transition border. We recognize, however, that in more realistic scenarios, the
nature of the phase transition depends on underlying microphysical assumptions.

+ Employing a Maxwell construction results in a sharp, discontinuous phase transition of the first order, which
is marked by a region of constant pressure and a sudden increase in density.

+ The Gibbs construction allows for a continuous phase transition through a region where both phases coexist,
with the transition parameters governed by surface tension and the effectiveness of charge screening.

We consider our present model a first approximation for investigating the overall behavior of hybrid stars, even
though it does not explicitly distinguish between different phase transition methods.

In the future, it will be intriguing to explore whether the EoS for hybrid stars can account for neutron star
cooling, magnetic fields, and anomalies in hybrid stellar structures. Additionally, this work can be extended to
investigate charged strange stars by incorporating the effects of the electric field within Einstein’s and higher-
curvature gravitational models. To improve the relationship between theoretical radii and radiation
observations, we plan to incorporate more explicitly R ., in subsequent research, building on Haensel’s insights
[116]. Direct comparisons between theoretical predictions and observed radiation parameters may be necessary
to account for the impact of spacetime curvature on radiation transmission. Future analysis of branched
quantum lattice and other physical applications [117—-120] may be useful.
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