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Abstract The study of spinning charged particle dynam-
ics around black holes in external fields offers insights into
relativistic motion and the influence of spin-curvature and
electromagnetic interactions. In this work, we investigate
the motion of spinning charged test particles in the vicin-
ity of Schwarzschild black holes immersed in asymptotically
uniform magnetic fields. Using the Mathisson—Papapetrou—
Dixon (MPD) equations, we derive the equations of motion
and analyze the superluminal bound, which constrains the
physically admissible values of the spin parameter. We inves-
tigate how this bound depends on the magnetic interaction
parameter w, which couples the particle’s charge to the exter-
nal magnetic field. Furthermore, we explore the effective
potential and examine how both spin and w affect circular
orbits and the dynamics of the particle. Our results reveal
the nonlinear interplay between spin, curvature, and mag-
netic interaction, contributing to the broader understanding
of charged spinning test particle motion in magnetized rela-
tivistic environments.
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1 Introduction

Extreme mass ratios in astrophysical scenarios, as observed
in the galactic center, permit an approximate analytic descrip-
tion of the motion under specific parameter restrictions. The
steadily improving observational situation of the galactic
center [1-3] may soon enable us to test various competing
theoretical approaches to model the motion of astrophysi-
cal objects within the framework of General Relativity. This
work aims to study the motion of spinning charged particles
in the presence of magnetic and gravitational fields.

The motion of spinning test particles was studied for the
first time by Mathisson in 1937 when he considered the
problem of extended bodies in general relativity(GR) [4].
Later, Papapetrou, Tulczyjew, Moller, and others improved
the Mathisson methods [5-16]. Today, the equations that
describe the motion of extended bodies with spin and mass
are known as MPD equations. Recently, the authors derived
the equations of motion for spinning test particles using
the MPD equations and the Tulczyjew spin-supplementary
condition [17,18]. Various features of spinning test particle
motion have been investigated for different backgrounds by
other authors [19-28].

There is convincing evidence that magnetic fields are
indeed present near black holes. Observations of the Galactic
center [29] have demonstrated the existence of strong mag-
netic fields of hundreds of Gauss in the vicinity of the super-
massive black hole (SMBH) at the Galactic center. In March
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of this year, the Event Horizon Telescope (EHT) collabora-
tion, a global research team, has captured the first-ever view
of polarized light and the magnetic fields that surround Sagit-
tarius A* (Sgr A*), the supermassive black hole at the heart of
the Milky Way [30,31]. Therefore, this historic EHT obser-
vation of Sgr A* suggests that strong and well-organized
magnetic fields could be common to all black holes.

Analytical expressions offer two advantages. Firstly, they
provide a basis for numerical methods, thereby facilitat-
ing comprehensive exploration of the parameter space for
predicting astrophysical observables. Secondly, they can be
used as benchmarks for numerical methods. A brief refer-
ence to find exact analytical solutions for geodesic equations
of particles is given in the work [32] recently. These meth-
ods, which are based on the theories of elliptic functions
and modular forms, were studied by brilliant mathematicians
of the nineteenth century, including Jacobi [33], Abel [34],
Riemann [35,36], and Weierstrass [37]. For further details,
please see Ref. [38], which comprehensively reviews these
discoveries. Notably, modular forms have been applied to
solve (hyper-)elliptic integrals involved in particle trajectory
studies, which has attracted significant attention in recent
decades. These methods, which are rooted in the theories of
elliptic functions and modular forms, have been the focus of
numerous investigations analyzing trajectory curves in black
hole spacetimes [39-55].

Building upon this scientific foundation, contemporary
research continues to explore the properties and dynamics of
particles falling in gravitational fields in diverse astrophysical
contexts. Bound and unbound particle orbits are of particu-
lar interest, as they represent fundamental aspects of motion
and offer valuable insights into the structure and evolution of
the universe. Bound orbits, characterized by closed trajecto-
ries around central masses, are found extensively in celestial
systems. These include planetary orbits in the solar system
and the motion of stars in galaxies [56,57]. These orbits con-
tribute to the stability and long-term dynamics of astrophys-
ical objects. They also provide essential constraints on the-
oretical gravitational dynamics and models of cosmological
evolution. Recent studies have examined related problems
for charged spinning particles in various field configurations
[58].

In this manuscript, we study the motion of charged spin-
ning test particles around a magnetized Schwarzschild black
hole. In particular, we analyze the influence of spin—curva-
ture coupling and magnetic interactions on circular motion
and particle collisions. In Sect. 2, we formulate the theo-
retical framework by introducing the modified Mathisson—
Papapetrou—Dixon (MPD) equations in the presence of an
external magnetic field and derive key conserved quantities.
We also obtain analytical expressions for the effective poten-
tial and establish the conditions for timelike motion (super-
luminal bound). In Sect. 3, we explore the effects of spin and
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magnetic interaction on the effective potential and study the
behavior of the innermost stable circular orbits (ISCOs). In
Sect. 5, we examine high-energy collisions between charged
spinning particles and analyze how spin and magnetic cou-
pling affect the center-of-mass energy. Finally, in Sect. 5, we
summarize our findings and highlight their physical impli-
cations. Throughout the paper, we adopt geometrized units
with Go = ¢ = 1 and use dimensionless quantities.

2 Test spinning charged particle motion

In this section, we derive the equations of motion govern-
ing charged spinning test particles orbiting a Schwarzschild
black hole in the presence of an externally applied asymptot-
ically uniform magnetic field. The line element describing
the exterior spacetime of a Schwarzschild black hole with
mass M is given by

ds* = —f(r)dit® + f(r) " dr? + r?d2?, (1)

in the usual Schwarzschild coordinates x* = (¢, r, 0, @),
with d2? = d#? + sin62dy?, where the lapse function is
given by

oM
fr)y=1- - (2)

2.1 Magnetized Schwarzschild black holes

The classical Wald solution [59] for the electromagnetic four-
potential of the external asymptotically uniform electromag-
netic field around the Schwarzschild black hole has the form,

1
Ay = EBor2 sin® 0 3)

the asymptotic value of the magnetic field is By. The non-zero
components of the electromagnetic tensor (Fy, = A, , —
Ay y) are

Fry = Bor sin” @ 4)
Fpy = Bor?sinf cos @ S

and non-zero components of the magnetic fields around the
Schwarzschild BH are calculated as,

1
B% = zn“ﬂﬂﬂFﬂ” w, (6)

where, w/, is the four-velocity of the proper observer, nygsy »
is the pseudo-tensorial form of the Levi-Civita symbol, and
it has the following relations:

naﬁoy — _L

AVt
Here g is the determinant of the spacetime metric, and it
is for the Schwarzschild case g = —r* sin? 0, and the Levi-

Napoy = v/ —8€apoy v, 7
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Civita symbol €p123 = 1 for the even permutations, and for
odd ones — 1.

The orthonormal components of the magnetic fields can
be expressed using the electromagnetic field tensor in the
following form:

1 . 1 -
B' = Eéijkijk = Eéijk\/g“gkijk (8)

Consequently, the radial and vertical components of
the magnetic field measured by Zero Angular Momen-
tum Observer (ZAMO) with the velocities vg AMO =

1/ f(r),0,0,0) take the form,

B = BycosO, BY =./f(r)Bysiné. ©9)

2.2 The effective potential for a charged spinning particle’s
motion

The effects of external magnetic fields in test-charged parti-
cle’s dynamics play a crucial role. The motion and radiation
of charged particles around a magnetized black hole, taking
into account radiation reaction forces, have been extensively
studied in Refs. [60,61]. Additionally, studies on the motion
of magnetized particles around black holes in the presence
of external magnetic fields, along with the spin effects, hold
promise for an interesting future in their dynamics.

In this paper, we first investigate the dynamics of the spin-
ning charged test particle orbiting a magnetized
Schwarzschild black hole. The equations of motion of spin-
ning particles can not be described by the geodesic equation
in general relativity due to the presence of gravitational cou-
pling between the Riemann curvature tensor and the spin of
the orbiting particle in the black hole spacetime [4-6,62].

The equations of motion for a charged spinning test par-
ticle around a magnetized black hole are given by a modifi-
cation of the MPD equations, including the force due to the
gauge field. Indeed, there is a magnetic moment of spinning
charge. However, we consider this moment negligible and
attribute the electromagnetic interaction to the Lorentz force
exerted by the surrounding magnetic field and the charge of
the spinning particle. This approximation is consistent with
the linear-in-spin framework employed in our analysis, where
magnetic dipole terms of the form ;.%# Fyp are of higher order
and thus neglected, as also done in Refs. [63-65]. Then, the
system reads with the electromagnetic interaction term [66].

Dp* 1

= —ER%‘pavﬁSp” — qugvﬂ, (10)
DS“P
o =Pl (1)

where D/d) is the projection of the covariant derivative
along the particle’s trajectory, v* = dx®/dA is the 4-velocity

of the test particle, p* is the canonical 4-momentum, ¢ is test
particle’s electric charge, m corresponds to the dynamical rest
mass defined by m? = —p, p®, R/‘;‘ »s 18 the Riemann cur-
vature tensor, and A is an affine parameter. The second-rank
tensor S%? is antisymmetric S%¥ = —§P% Eq. (10) deter-
mines the coupling between the Riemann tensor Ry ,,, and
spin of the particle. To see this coupling, let us consider the
well-known geodesic equation in GR,

vﬂaﬁva—i—l“(f‘ﬂv"vﬂ =0. (12)

In terms of the particle’s 4-momentum and the projection
of the covariant derivative along the particle’s trajectory, Eq.
(12 can be expressed in the form,

Dp*
I 0. (13)

Therefore, comparing Egs. (10) and (13), one can see how
the interaction between the Riemann curvature tensor and the
antisymmetric tensor S*? affects the motion of spinning test
particles in curved spacetime.

A crucial aspect of the MPD equations is related to the
center of mass of the spinning particle. In this sense, to solve
the system in Eqgs. (10) and (11), one has to fix its center of
mass. This assumption is made by including condition [7,67]

S py = 0. (14)

The condition (14) is known as the Tulczyjew spin sup-
plementary condition (SSC) [68]. Among several SSCs, we
adopt the Tulczyjew condition S*# pg = 0, which fixes the
center-of-mass worldline by requiring spin to be orthogonal
to the particle’s momentum. This SSC is commonly used in
studies of spinning particles because of its simplicity and
well-posed behavior in the linear-in-spin regime. Although
alternative SSCs exist, such as the Mathisson—Pirani and
Ohashi—Kyrian—Semerak conditions, and may lead to differ-
ent physical predictions, particularly in strong-field regions,
we restrict our analysis to the Tulczyjew SSC for consistency
with previous literature [69,70]. From Eq. (14), the canonical
momentum and the spin of the particle provide two indepen-
dent conserved quantities given by the relations

P’ pa = —mz’ (15)

S Sep = 257 = 2m*>s>. (16)

Nevertheless, in contrast to the spinning test particle’s
canonical momentum conservation, it is important to point
out that the squared velocity does not necessarily satisfy the
condition,

VeV® = —1, an

because the 4-vectors p® and v® are not always parallel. In
this sense, to ensure that the particle’s 4-velocity is always
smaller than the speed of light, one must impose an additional
condition: the superluminal bound (see Sect. 2.3).

@ Springer
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In addition to the conserved quantities resulting from the
Tulczyjew SSC condition, one also has the conserved quan-
tities associated with the spacetime symmetries. There are
the usual background-dependent conserved quantities asso-
ciated with the Killing vectors, k%, which can be expressed
as: [24]

1
Cr = pky — 5S‘)‘ﬁvﬁka + mgk® Aq. (18)

In fact, the charged particle interacts with only the external
magnetic field that does not break the conservative quantities
pr and py of spinning particles, and they can be obtained from
Eq. (18) as:

1 1
—E=pi = S8pS? = pi— SeurS”, (19)
1 op
J = Py — Eggoa,ﬁs + qugo (20)
1 1
= Po+ 5805 + quBorz sin 62, 1)

where J is the total angular momentum of the spinning par-
ticle; therefore, it can be described as the sum of angular
momentum due to rotation and the absolute value of spin,
J = L + S. At this point, it is convenient to divide both
sides of the last two equations by mass m and work with
quantities per unit of mass. Thus, we introduce the following
denotations £ = E/m, J = J/m, L = L/m,s = S/m,
Uy = pe/m and o = g By. Here w represents the interaction
between a magnetic field and a charge. We restrict our inves-
tigation to an equatorial plane where 6 = /2. Taking into
account the introduced denotations, we rewrite the Egs. (19)
and (21)

1 1
—E=u = 5-grapS” = — 5 —gur S, (22)
1 ro L L o 5
~7=“¢+E3WWS +§wr . (23)
From Eq. (14) we find the following equalities:

—&S", — &
P¢ Py

St — St (24)

Using the Egs. (15), (16) and (24) conditions one may get
the equations below:

S = S = (25)

s K
—F——————Dyp> py——
N —8tt8rr 8oy A —8tt8rr8pgp

As mentioned before, we explore the motion of spinning
charged particles on the equatorial plane. Hence, one may
write the polar component of the Schwarzschild metric tensor
as gy = r2. Further taking into account that g,, = — f(r)
and g, = 1/f(r) one may the last equations in the simple

@ Springer

form:
ST ="py S ="p,. (26)
r r

Now he Eqgs. (22) and (23) can be described as:

su

—E=u— e, (27)
Suy 1 2
J =uy + >, Svor + For (28)

and solving the Eqs. (27) and (28) we get:
26r3 +2Ts — rsw

WS ) 29)
3 (ZES +27 — rza))
Uy = 5 (r3 — s2) , 30)

here we considered the mass of the Schwarzschild black hole
equal to one, M = 1. So the lapse function takes the form
fry=1-=2/r.

Now, we rewrite Eq. (15), dividing both sides by m? in
the following form u“u, = —1, and get the equation for the
effective potential of the spinning charged particle,

W')? = 5(52 158+ ) G1)
where

o= Pl (r3 —rs2+2s2),

2 (r —3)s (rPo —2J)
U=<r3_sz> , S = r3_(r_2)S2
1

4r7 —A(r — 2)r4s? (4‘72r (SZ — (= 2)r3)
T4 <(r -2’ - 52> —4(r —2) (r3 _ sz)
+riw? (Sz —(r— 2)r3) )

’

y:
2

We may rewrite Eq. (31) as,

W? = f(s —VOE - V) (32)

Therefore, it is possible to define the effective potential
for the circular motion of the spinning magnetized particles
u" = 0 as a solution of Eq. (32) in the following form [24].

=8+

82 —4
Vi = Y

> (33)

One can see from Eq. (32) that to have (uy)? > 0, the spe-
cific energy of the test particles has to satisfy the conditions:
€& < V_or(i)€ > Vy.
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Hence, we focus on the case of spinning test particles with
positive energy, which coincides with the effective potential
being Vit = V.. Here we redefine the effective potential as,

Verr = (34)

-8+ /82 -4y
2
We now analyze the effects of spin and magnetic inter-
actions, as well as their combined effects on the effective
potential for the radial motion of test spinning and magne-
tized particles graphically, due to the complicated form of
the potential expression.

2.3 Superluminal bound

This subsection investigates the superluminal limit, a condi-
tion essential for determining the permissible values of s that
ensure a spinning test particle follows a physically mean-
ingful trajectory. Accordingly, we derive analytical expres-
sions for static and spherically symmetric spacetimes. Then,
in Sect. 3, we apply these formulas to the specific case of a
Schwarzschild black hole immersed in an externally applied,
asymptotically uniform magnetic field.

As previously noted, although the condition p, p* = —m
is satisfied, the normalization v,v® = —1 does not nec-
essarily hold, since the four-momentum and four-velocity
are not generally aligned. Consequently, as the spinning test
particle approaches the center of symmetry, the magnitude
of the four-velocity v® increases, and for certain values of
the spin s and radial coordinate, some components of v*
may diverge. In this scenario, the particle’s motion transi-
tions from a time-like to a space-like trajectory, indicating a
superluminal bound.

Particles following spacelike trajectories (i.e., exhibiting
superluminal motion) lack physical interpretation within the
framework of general relativity. Therefore, the transition to
v v® > 0 is forbidden for physically realistic particles. To
prevent this unphysical behavior, an additional constraint
must be imposed, referred to as the superluminal bound,
which requires that v,v® < 0. To ensure that spinning test
particles remain on physically admissible (timelike) trajec-
tories, we impose the following condition [18,71]:

2

2
Ve V¥ dr do
w2 = 8 + &rr <E> + 2gr<pE

do 2

To incorporate this superluminal bound into our analysis, we
require explicit expressions for dr/dt and dg/dt. For this
purpose, we follow the method introduced by Hojman and
Asenjo in Ref. [72]. As in our previous works [25,28], we
constrain the motion to the equatorial plane (6 = 7 /2), where

the nonvanishing components of the spin tensor S*# are S',
S'%, and S"%. Since the full derivation of the expressions for
dr/dt and dg/dt under this condition is already provided in
Refs. [25,28], we do not repeat it here.

Using these expressions for dr/dt and dg/dt, we evaluate
the superluminal condition as a function of the spin parame-
ter s and the interaction parameter w, which characterizes the
coupling between the external magnetic field and the charge.
This allows us to ensure that any given value of s lies within
the domain of physical motion, the region where the trajec-
tory remains timelike.

To illustrate this, Fig. 1 shows the (, s)-plane with shaded
regions corresponding to v, v* < 0. These areas define the
range of spin values that preserve causality and physical con-
sistency. The boundary of the shaded region delineates the
critical values beyond which the motion becomes superlu-
minal and hence unphysical. The curve forming this bound-
ary is generally smooth and continuous, but its steepness
increases significantly for large spin magnitudes, especially
near the limits of the shaded domain. This behavior reflects
the strong sensitivity of the superluminal condition to both
the spin parameter s and the magnetic coupling w. Notably,
the curve tends to flatten near v = 0, indicating that magnetic
interaction becomes less relevant in the absence of field cou-
pling. This analysis offers insight into the nonlinear interplay
between spin, geometry, and magnetic interaction in curved
spacetime.

3 Dynamics of charged spinning test particles around
magnetized Schwarzschild black hole

3.1 Effective potential

We consider all possible configurations of a charged spinning
test particle orbiting a Schwarzschild black hole immersed
in an asymptotically uniform external magnetic field. Fig-
ure 2 illustrates the radial profiles of the effective potential
Vetr for a spinning test particle in the spacetime of a mag-
netized Schwarzschild black hole, for various values of the
spin parameter s and the magnetic coupling parameter .
The left panel in Fig. 2 shows the effective potential
as a function of the radial coordinate r for a fixed angu-
lar momentum £ = 4 and magnetic coupling parameter
w = 0.01, while varying the spin s from —0.8 to 0.8. The
shape and depth of the potential well show a strong depen-
dence on the value of s. For negative spin values, such as
s = —0.8, the potential well becomes significantly deeper
and broader, indicating stronger gravitational binding. As the
spin increases toward positive values, the depth of the well
decreases, and the potential peak shifts inward, suggesting
weaker binding and an enhanced repulsive effect due to spin-
curvature coupling. The spinless case s = 0 lies between

@ Springer
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vav®>0, Spacelike

S Vqv@<0, Timelike

vav®>0, Spacelike

-05 0.0 0.5
w

Fig. 1 Allowed regions in the (w, s)-plane for a charged spinning
particle around a magnetized Schwarzschild black hole. The shaded
area corresponds to physically admissible (timelike) motion satisfying
v ¥ < 0, while the boundary curve marks the onset of superluminal
behavior. The shape of the boundary reflects the nonlinear dependence
of the superluminal limit on spin and magnetic interaction

these extremes and provides a useful reference configura-
tion.

The right panel of Fig. 2 presents the effective potential for
afixed spins = 0.4 and angular momentum £ = 4, while the
magnetic coupling parameter w is varied from —0.02 to 0.02.
As w increases, the potential becomes shallower and its mini-
mum shifts outward, indicating that the magnetic interaction
acts repulsively and reduces the particle’s confinement. For

IBE] VAN
/ \ s=-0.8
Lwof [N T $=-0.4
Il'\ \ _____ S=0
LOSE 14 N N e - s=04
1 o
Il RN \\ —— =08
y. 100 .
off t/\\ Sl e
0.9sF |/ B
0.90F |/
1
0.85F / L=4, w=0.01
080 1 1 1 1
5 10 15 20 25

T

negative values of w, the potential well deepens and the min-
imum moves inward, reflecting enhanced attraction due to
magnetic alignment with the black hole’s field.

These results highlight the significant influence of both
the spin and magnetic interaction on the particle’s orbital
behavior. A deeper potential well corresponds to more tightly
bound orbits, while a shallower profile suggests reduced sta-
bility or even unbound motion. Therefore, by tuning the spin
and magnetic coupling parameters, one can dramatically alter
the dynamics of spinning test particles near magnetized black
holes.

3.2 Innermost stable circular orbits

We now turn our attention to the circular motion of charged
spinning test particles in the spacetime described by the
Schwarzschild metric, given in Eq. (1). Circular orbits corre-
spond to trajectories with constant radial coordinate, which
implies that the radial velocity vanishes, dr/dA = 0. Addi-
tionally, for a particle to remain in circular motion, its radial
acceleration must also vanish, d2r/d)»2 = 0, which leads to
the condition d Vegr/dr = 0.

However, these two conditions alone do not ensure
orbital stability. For a circular orbit to be stable under
small perturbations, the effective potential must have a local
minimum, requiring the second derivative to be positive,
d?Vegr/dr? > 0. The boundary case where this derivative
vanishes, d? Veff/dr2 = 0, defines the innermost stable cir-
cular orbit (ISCO), which represents the smallest radius at
which a stable circular orbit can exist.

By applying the conditions £ = Vg and d Vegr/dr =
0, one can determine the energy £ and angular momentum
L of the particle as functions of the orbital radius r. The
ISCO condition d?Vegr/dr? = 0 is then used to compute the

1.05F

Vett
1.00+

0951

5 10 15 20 25

Fig. 2 Radial profiles of the effective potential for magnetized Schwarzschild black hole cases for different values of the test particle’s spin s and

w parameter
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limiting radius of stability for spinning particles. Since the
resulting system of equations is nonlinear in r and £, we
solve it numerically and present the behavior of the solutions
graphically.

In Fig. 3, we show the variation of the specific energy
&isco (left panel), angular momentum Lisco (middle panel),
and the ISCO radius risco (right panel) of magnetized spin-
ning particles as functions of the spin parameter s and mag-
netic coupling parameter w. The top row of panels illustrates
the dependence on the particle’s spin s for selected values
of magnetic coupling w. As can be observed, increasing the
spin parameter leads to a decrease in all three quantities —
energy, angular momentum, and ISCO radius — particularly
when w is more negative. This trend reflects the enhanced
binding effect and inward shift of the ISCO for spinning
particles due to spin—magnetic coupling. The ISCO profiles
become steeper as s — 2, with the onset of sharp vertical
changes indicating superluminal bounds, i.e., the maximum
allowed spin before physical constraints are violated. This
effect becomes more pronounced at stronger magnetic inter-
actions.

The bottom row of Fig. 3 shows the same quantities as
functions of w for fixed spin values. As the magnetic cou-
pling parameter increases from negative to positive values,
the specific energy and angular momentum at the ISCO
decrease for all spin cases, implying that stronger mag-
netic fields reduce the energy and torque required for stable
circular motion. The ISCO radius, however, exhibits non-
monotonic behavior: for low spin, it increases slightly with
o and then decreases, while for higher spin values, the radius
consistently decreases. This highlights the nontrivial inter-
play between magnetic confinement and spin-induced frame-
dragging effects. The strongest decrease in rigco with w is
observed for positive spin values, indicating that spin and
magnetic effects act constructively to allow tighter, more effi-
cient orbits closer to the black hole.

Overall, Fig. 3 demonstrates that both spin and mag-
netic coupling play crucial roles in shaping the energet-
ics and geometry of circular particle motion. Higher spin
and stronger magnetic interaction both favor deeper bind-
ing (lower &£1sco), reduced angular momentum, and smaller
ISCO radii. These findings are important for modeling accre-
tion disk physics, particle trapping, and relativistic magneto-
hydrodynamics near compact objects in curved spacetime.

4 Collision of charged spinning particles

In this section, we study the center-of-mass energy . result-
ing from the collision of two charged spinning test particles
in the background of a Schwarzschild black hole immersed in
an external magnetic field. The particles are assumed to have
equal rest mass, m| = my = m, and interact both gravita-

tionally and electromagnetically with the background space-
time through their spin and charge. The spin—curvature inter-
action is modeled using the Mathisson—Papapetrou—Dixon
equations. At the same time, the electromagnetic coupling is
introduced via a vector potential corresponding to a uniform
test magnetic field aligned with the black hole’s axis.

The covariant components of the particle momenta—p;,
D¢, and p,—are derived from the generalized momentum
formalism, incorporating spin, charge, and magnetic interac-
tion terms. These expressions, given explicitly in Eq. (30),
provide the necessary input for computing dynamical quan-
tities.

The center-of-mass energy of two colliding particles is
computed using the general covariant formula:

2 _ “cm
gcm_

1= g u® — g (O )

rry (D, @) _
r

1 2
—8"uf g"uu?, (36)

where uff) are the covariant four-velocity components of the
i-th particle, and g"¥ denotes the inverse components of the
Schwarzschild metric.

Before analyzing ., in detail, it is essential to determine
the conditions under which a particle can approach the black
hole. This leads to the concept of critical angular momentum
— the maximum angular momentum that allows the particle
to reach the horizon marginally. Inward motion requires 7> >
0, and the critical value is determined by the simultaneous
equations 7> = 0 and d7*/dr = 0, corresponding to an
extremum of the effective potential.

Figure 4 illustrates how the critical angular momentum
varies with the spin parameter s and magnetic coupling w.
The left panel shows that increasing w for fixed s raises the
critical angular momentum, indicating that stronger mag-
netic interaction makes it more difficult for particles to fall
into the black hole. This effect is particularly pronounced for
negatively spinning particles, where spin-magnetic repulsion
increases the threshold.

In the right panel, the critical angular momentum is plot-
ted as a function of s for fixed w. The dependence is non-
monotonic: it increases with s, peaks near s ~ 0.8, then
declines. For high spin (e.g., s = 1.8), the magnetic inter-
action’s influence fades and the critical angular momentum
levels off, showing a balance between spin-induced attraction
and magnetic repulsion.

Having established these threshold conditions, we now
examine the radial behavior of &, under different configu-
rations. In Fig. 5, we present a parametric analysis in which
the first particle’s characteristics (s, £1, @) are held fixed,
while varying the second particle’s properties.
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Fig. 4 Dependence of the critical angular momentum on the spin parameter s (left panel) and magnetic coupling parameter w (right panel) for a
charged spinning particle near a magnetized Schwarzschild black hole. Each curve corresponds to a fixed value of the other parameter

The top row of Fig. 5 shows that as w, increases, Eem
decreases. Stronger magnetic coupling for the second particle
reduces the energy available at collision, especially when
w1 is small. Energy enhancement is most notable near the
horizon and diminishes with radius.

The middle row analyzes the spin s> of the second par-
ticle. Here, £, decreases monotonically with 57, consis-

@ Springer

tent with suppressed relative motion from spin-curvature and
spin-magnetic coupling. The drop is steepest at s = 1.

Finally, the bottom row explores the effect of £,. Higher
values of £, lower the collision energy, confirming that
counter-rotating configurations (£, < 0) produce the most
energetic encounters, especially when spin and orbital angu-
lar momentum are oppositely aligned.
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These results highlight the interplay between spin, mag-
netic interactions, and orbital configurations in determin-
ing high-energy collisions near black holes. Understanding
such mechanisms provides insight into energetic astrophys-
ical processes in magnetized strong gravity regimes.

5 Conclusion

This study investigated the dynamics of charged spinning test
particles orbiting a Schwarzschild black hole in the presence
of an external magnetic field. By applying the Mathisson—
Papapetrou—Dixon equations with the Tulczyjew SSC, we
derived analytical expressions for the four-momentum and
four-velocity, explicitly accounting for spin—magnetic cou-
pling.

We analyzed the superluminal bound, a constraint ensur-
ing that particles follow physically acceptable (timelike) tra-
jectories. The resulting plots in the (w, s)-plane revealed the
precise spin ranges where causality is preserved. The bound-
ary of these regions corresponds to critical spin values beyond
which the particle’s motion becomes unphysical (spacelike).

We also studied how spin and magnetic interactions affect
the ISCOs. We found that increasing the spin can lower the
ISCO radius and energy, enabling particles to orbit closer to
the black hole stably. Furthermore, the presence of the mag-
netic field can either expand or restrict the allowed parameter
space for circular motion, depending on the sign and magni-
tude of the spin.

Finally, we examined high-energy collisions of spinning
particles and showed that favorable spin orientations and
magnetic interaction can enhance the center-of-mass energy
during collisions near the horizon. This suggests the possi-
bility of extremely energetic events, relevant in astrophysical
scenarios such as high-energy particle jets or radiation from
accretion disks.

These findings emphasize how spin—-magnetic interactions
not only influence orbital stability but also impose fundamen-
tal physical limits on the motion of test particles in strong-
field regimes.
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