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Abstract

We present a new stellar model which employs the Buchdahl metric potential for the temporal metric potential in the spheri-
cal symmetric configuration, following the Mazur—-Mottola (MM) gravastar conjecture within the Einsteinian geometric
framework. It is thought to be a promising alternative to the Black Holes (BH). Three regions make up the gravastar’s
structure: the interior, intermediate shell, and the exterior region. In our model, the interior core region is characterized by
a pressure equal to the constant negative matter energy density. This gives rise to a constant repulsive force acting on the
shell. This shell is modeled as being composed of an ultra-relativistic plasma fluid. In conformity with Zeldovich’s stiff fluid
conjecture, where the pressure is proportional to the energy density of the matter cancels the repulsive force exerted by the
interior region. We have described the exterior region’s geometry by the Schwarzschild solution with the spacetime being a
vacuum. The specifications lead to a family of exact solutions for the gravastar, free of singularities possessing a physically
valid features within the (3 + 1) dimensional spacetime paradigm. Moreover, our discussion has covered the junction and the
energy conditions in detail, highlighting their role in the production of the thin shell. We conducted a comprehensive stability
analysis of our gravastar model through the study of surface redshift and speed of sound. Thus, we have successfully formu-
lated a stable gravastar model that overcomes the singularity problem of BHs, within the context of General Relativity (GR).

Keywords Gravastar - Buchdahl metric potential - Black Holes

1 Introduction defined by 2GM. The occurrence of super-massive compact
objects with masses between 10°M and 10°M, provided
indications for the existence of BH like objects [1, 2]. In ana-
lyzing the thermodynamic behavior of charged Gauss—Bon-
net anti de-Sitter BHs in five dimensions, employment of a

topological approach treating critical points and BH states

The Schwarzschild solution has been a source of ongoing
controversy with disagreements persisting over the possibil-
ity of compressing matter within the gravitational radius, as
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as defects in the thermodynamic parameter space can be
seen in [3]. Also, a novel family of rotating BH solutions
are also shown by applying the Newman-Janis algorithm
to incorporate an anisotropic matter field which leads to an
additional hair parameter from the negative radial pressure
alongside mass, charge, and spin [4]. However, the issue
that persists is whether the Schwarzschild metric offers an
accurate portrayal of the internal physics. Researchers have
proposed with time alternative BH scenarios that remove
interior singularities [5-10]. A relatively simple model for
super-massive compact objects in galactic nuclei involves
a self-gravitating gas of degenerate fermions, composed of
heavy sterile neutrinos [11-14]. Nevertheless, this scenario
is insufficient to account for the entire mass range of super-
massive BH candidates using a sterile neutrino species [15].
A novel proposal has recently been put forward, which draws
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analogies from condensed matter systems where effectively
GR manifests as an emergent property [6]. It was proposed
that the vanishing of the lapse function at a particular
sphere indicated a quantum phase transition, followed by
an increase in the lapse function for r < 2GM. The authors
assumed a vacuum condensate in the interior governed by
a de-Sitter spacetime, with an EoS p = —p, to satisfy the
requirement of negative pressure [6].

Building on this concept, MM later introduced the idea
of gravitational vacuum condensate star or gravastar where
the event horizon is replaced by a shell of stiff matter at the
surface, located at r = 2GM [8]. They originally proposed
the idea of gravastars, a theoretical framework for gravita-
tional vacuum condensate stars as an alternative to tradi-
tional BH theory. It is commonly assumed that any variety of
repulsive, non-thermal pressure from degenerate elementary
particles can be overcome. Through further development of
the Bose—Einstein condensation, MM’s work introduced a
new solution, the model they developed consisted of a cold,
dark and compact object with a de-Sitter condensate phase
in its interior and a Schwarzschild metric describing its exte-
rior. A thin shell of finite thickness consisting of stiff fluid
exhibiting the EoS p = p was postulated in between the two
spacetimes. The new solution was shown to be stable from a
thermodynamic perspective, avoiding the information para-
dox that plagues BHs. The gravastar can be thought of as a
three-layered structure with different EoSs describing the
behavior of matter in each region as

I Interior[0 <r<r]— p=—p

I Intermediate thin shell[r;, <r < r,] — p =p.
IIl  Exterior[ry, <r]—p=p=0.

A considerable body of research on gravastars, spanning
various mathematical and physical aspects, can be found in
the existing literature [16-24]. A significant portion of these
studies have been framed within the theoretical founda-
tions of Einstein’s GR. Researchers have examined whether
gravastars are stable or not using the mathematical frame-
work of Israel thin shell formalism [16, 18, 25]. The dynamic
stability of the gravastars characterized by thin shell has also
been the subject investigation lately [16, 27]. Gravastar mod-
els were built joining an interior de-Sitter or anti de-sitter
region to an exterior spacetime resembling a Schwarzschild
anti de-Sitter or Reissner—Nordstrom BH [18]. In the theo-
retical setting of Reissner—Nordstrom spacetime, two models
of gravastars were introduced and the role and influence of
charge on the stabile gravastar configurations were initiated
[26]. Thin shell gravastars with electromagnetic fields were
analyzed during revealing their entropy characteristics [23].
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A theoretical model of a gravastar was developed, incorpo-
rating phantom energy to examine its evolutionary dynam-
ics [28]. Gravastars were studied with continuous pressure
via the Chandrasekhar approach, and an EoS was derived
for the static configuration [29]. A theoretical framework
for thin shell gravastars in (2 + 1) dimensional framework
was proposed, and their entropy, length, and energy condi-
tions were systematically analyzed [30]. A study examined
the physical characteristics of non-commutative gravastar
solutions, with emphasis on the stability of the transitional
layer configuration [32]. It was demonstrated that the thin
shell behaves stably near the event horizon. A perturbative
analysis of non-commutative thin shell gravastars was per-
formed, employing radial perturbations to elucidate stable
regions [31]. Recent research focused on thin shell gravas-
tars, constructed by matching interior de-Sitter spacetime
with exterior Bardeen and Bardeen-de-Sitter BH spacetimes
[33]. It was revealed that with the increase of the cosmologi-
cal constant leads to larger stable regions, whereas increas-
ing the exterior spacetime charge has the opposite effect.
Several modified theories of gravitational frame-
work have been proposed with time to account for
the observed acceleration of the Universe, viz.,
S, fO),fR,T),f(Q,T),f(R,L,,, T), and others also with
the modifications involve altering either the geometrical
sector or the matter-energy content of the Einstein field
equations (EFE). Since its introduction, gravastar model
has been analyzed and explored in modified theories of
gravity providing new insights into its properties [34-38].
Also, a comprehensive analysis of the gravastar model has
been performed, incorporating various conditions to exam-
ine its viability and implications. In a study, researchers
constructed a cylindrical, charged gravastar-like structure
investigated its behavior in modified gravity theory [39]. A
similar study analyzed the stability of gravastars in cylin-
drical spacetime under linear perturbations, exploring the
effects of equilibrium conditions and charge variations [40].
A paper presented a model of charged gravastars based on
de-Sitter— Reissner—Nordstrom spacetime, highlighting the
importance of charge in ensuring the stability of the gravas-
tar and indicated that when the charge exceeds a critical
value, the gravastar’s configuration is disrupted result-
ing in a collapse to a BH [41]. Physicists investigated the
viability of charged gravastars in higher-dimensional theo-
ries concluding that the incorporation of extra dimensions
is not supported by fundamental physical principles [42].
A investigation was carried out for the charged gravastar
model in a spherically symmetric spacetime background,
employing modified gravity framework to elucidate stabil-
ity conditions [43]. A stable charged gravastar model has
been demonstrated to exist also in cylindrically symmetric
spacetime [44]. A gravastar model was formulated in the
context of GR, specifically in (2 + 1) dimensional spacetime
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and also a gravastar model featuring a charged interior was
constructed admitting conformal motion with an exterior
spacetime given by Reissner—Nordstrom line element [45].
In the light of the previous findings, we investigate the
behavior of a gravastar model within the framework of (3 + 1)
dimensional spherically symmetric spacetime utilizing the
Buchdahl metric potential in this paper. Our gravastar model
consists of three regions namely the interior, shell, and the
exterior following the MM conjecture. To determine the metric
potential of the radial component, we have taken the physi-
cally, feasible, singularity-free Buchdahl metric potential for
the g, in the interior and also in the shell. Using this metric
with an ideal fluid distribution, we have examined different
features of the interior and the shell which is modeled to be
consisting of ultra-relativistic stiff fluid. The reason behind
adoption of this type of metric function is that this metric
potential is completely free from any singularity and shows a
regular behavior throughout the gravastar. We have also cal-
culated different properties of the shell, which have shown
the physical acceptability of the gravastar under our present
study. The exterior region is defined by the Schwarzschild
metric, which characterizes the external vacuum spacetime
model. The proposed model retains the physical role of the
interior with repulsive characteristics that can prevent singu-
larity formation and this choice ensures that the interior solu-
tion remains physically reasonable and consistent with GR
constraints. The thin shell, which is modeled with a stiff fluid,
is consistent with the original MM gravastar construction.
The exterior geometry described by the Schwarzschild metric
ensures asymptotic flatness and consistency with astrophysical
BH observations. The form for the Buchdahl metric function
which we have assumed here can be found in the works of
[46, 47]. We can see for the case of anisotropy also, where
this Buchdahl metric function has been utilized to analyze
the stellar structures. By employing two specific anisotropic
stellar solutions, modified compactness bounds that depend
explicitly on anisotropy parameters have been derived [48]. In
another study, we can see how the authors have extended the
classical Buchdahl bound for the maximum compactness limit
for a stable, spherically symmetric object in GR to include
both electromagnetic charge and modifications from modified
gravitational gravity [49]. Hence, our analysis incorporating
this metric function yields a new set of solutions for the three
separate regions accompanied by each of its corresponding
EoS. For the purpose of assessing the stability of the model,
we performed a detailed analysis of the surface redshift and
speed of sound which serve as the key indicators of stability.
Furthermore, our analysis included the study of junction con-
ditions that govern the thin shell creation. A key feature of this
function is that the metric potential and its radial derivative
are analytic and non-singular at the stellar origin, » = 0, and
by employing this approach, we can systematically construct
the non-singular solutions in (3 + 1) dimensional spacetime.

The organization of this paper is outlined as follows: We
begin with a concise introduction to the gravastar model in
Sect. 1. In Sect. 2, we lay the mathematical foundation for
the gravastar model. Section 3 presents a detailed analysis of
the interior region of the gravastar yielding non-singular solu-
tions. Sections 4 and 5 are devoted to the shell region and the
exterior spacetimes respectively. Section 6 explores the junc-
tion conditions, which enable the continuous matching of the
interior and exterior spacetime geometries across a smooth
hypersurface. We assess the stability of our proposed gravastar
model in Sect. 7. Section 8 provides an in-depth examination
of the gravastar’s physical attributes, including proper length,
energy, and entropy as a function of shell thickness. We have
discussed the necessary energy conditions in Sect. 9, and
finally, we conclude our paper with a summary of our main
results in Sect. 10.

2 Mathematical formalism of the field
equations

We adopt a static, spherically symmetric metric whose line
element is specified by the expression below

ds® = ¢¥Vd> — e~V dr? — r>(d6* + sin’ 0d¢?), 1)

where y and X are functions of the radial parameter. We
begin with the Einstein—Hilbert action, incorporating the
coupling to matter fields is provided by

[= / (R +2kLy)\/—gd*x. )

The principle of least action, applied to this action leads to
the formulation of the Einstein equations. Concerning the
gravitational field we choose the Lagrangian to be R, the
Ricci scalar where R = g,,,R™. L, represents the Lagrangian
for matter and other fields while x = @ is the Einstein’s
gravitational constant. We denote G as the Universal gravi-
tational constant, and ¢ as the fundamental constant repre-
senting the light speed in empty space. Now, we consider
G = ¢ = 1 in the relativistic units in our work, which has
been used all through in the further analysis. Variation of 1
w.r.t g,,, leads to the field equation

Rmn - %gmnR = _SﬂTmn' (3)

For the matter field, we consider the energy momentum ten-
sor 7, to have exhibiting a perfect fluid nature

T, = (p+ pu,,u, — P8y 4

where we have p as the energy density, p as the isotropic
pressure with u,, the four-velocity vector of the fluid. Equa-
tion (1) leads to the formulation of EFE as
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where (') symbol indicates the derivative w.r.t r. We con-
sider a non-singular metric potential for the g,, component
for gravastar model in (3 + 1) dimensional framework [50].
As a specific choice, we adopt here the Buchdahl metric
potential, whose expression takes the form as

GH? +1)

Y =
G+ Hr?

0<G<1, ®)

where G denotes an arbitrary dimensionless constant H
function of r indicating a de-Sitter metric for the interior
spacetime. At the stellar origin, both the metric function
and its radial derivative are finite and well behaved at the

origin, as demanded
0 =1, arew(r)lrzo =0. 9)

By incorporating the above condition into the equations
(5)—(7), we obtain the resulting equations as

i

875 =e—2(§ _ i) + 1 (10)
r r2 r2

_ 2GH(1 + Hr?) 2GH 1 1
8ap =e>( - +3)- al
P = (G + Hr?)? G+ Hr: 1 r2 an

-3

8mp =————— x (H'S'r* + GH (=124 27 4+ 35'7)

2r<G + Hr2>

GH’r’(=8+2r + 4(3H + X)r* = 2Hr' + HZ'r*)
G H(4 + 2r + (8H + 31 + 2HZ' 1)
GH(E = 2HPF + H(=4 = 2r + T'7%) ).
(12)

In (3+ 1) dimensional framework, conservation of the
stress-energy tensor results in

1
G +py' +p =0. (13)

The gravastar is a three-layered structure, with each layer
obeying a distinct EoS as specified by

e Interior (Region/) : 0 <r<ry,
e Shell (Region ) : r| <r < r,,

p=-p
p=p

O springer KES Y3

e Exterior (RegionIl) : ry <r, p=p=0.

3 Interior region

Inserting the EoS for the interior region into Eq. (13) results
in

P=—P=—Py; (14)

py characterizes the constant matter density. Clearly, the
pressure also remains constant here. The analysis reveals
a homogeneous and isotropic distribution of pressure and
density within the gravastar’s interior. Applying the condi-
tion from Eq. (14) into Eq. (10) gives us

o 87ppr? B

= +1+ =, 15
3 r (15)

where B indicates the constant of integration. The regular-
ity condition at r = 0 necessitates setting B = 0, thereby
obtaining

-z

3 —8xp,r?
e = ———.

3 16)

We require 3 — 87p,r? to be non-zero to avoid singu-
lar behavior. Figure 1 displays the variation of ¢*(” in the
interior section. As evident, the solution exhibits smooth
behavior and absence of singularities at the center. The
active gravitational mass for the interior region of our stel-
lar model can be computed as

. n=b 4xD?
M=/ A pdr = ”3 Po. (17)
0

where r; = D defines the internal boundary of the gravastar.
Figure 2 displays the behavior of the active gravitational
mass in the interior sector, where we find that as the radius
grows, the active gravitational mass increases and exhibits
a regular behavior.

4 Shell region

The shell formation occurs at the meeting point of two
spacetime manifolds, namely, the regions marked as / and
111. The shell has a negligible, yet finite thickness and all
the matter of the collapsing star is confined with it. In
conjunction with the cold, compact baryonic Universe,
the behavior of this matter in ultra-relativistic regime is
described by the stiff fluid concept, introduced by Zel-
dovich [51]. This fluid satisfies the EoS p = p indicating a
direct proportionality between pressure and density, which
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Radial co-ordinate r

Fig. 1 Variation of e with 24F
respect to the radial co-ordinate
for p, = 0.0001 [50] and
py = 0.001[36] 22 — 01=0.0001
— 02=0.001
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s
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Fig.2 Variation of the active
gravitational mass with respect
to the radial co-ordinate for
pp = 0.0001 and p, = 0.001 251 01=0.0001
— 02-0.001

20r

Active gravitational mass

0.5F

furnishes the requisite force to counterbalance the repul-
sive effects coming from the inner part sustaining the sys-
tem’s stable equilibrium state. Researchers in cosmology
and astrophysics have widely utilized this type of fluid to
develop viable explanations [52, 53]. We aim to derive
a mathematically consistent and satisfactory framework
to understand the thin shell formation. Solving the field
equations is a very hard task to be done within this non-
vacuum region with the EoS p = p. By employing the thin
shell approximation, we can derive an analytical solution
to describe the shell’s behavior. Given the shell’s thin-
ness to be very small, any - dependent parameter can be
considered to be <« 1. Within the thin shell approximation,

Radial co-ordinate r

the metric function ¢*® can be explicitly determined by
resolving Eqs. (10) and (11) as

2
eZ(r) = NrZe% (18)

with N being the integration constant. The behavior of ¢=”

has been analyzed in Fig. 3, revealing a well-behaved vari-
ation without singularities for various parameter values. A
combination of the Eq. (13) and the shell’s EoS enables us
to compute the density and pressure of the shell as

(=1+G)G

p=p=pge G+HI2 | (19)
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Metric potential eZ
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Fig.3 Variation of ¢ within the shell with respect to the thickness of the shell for
()PSRJ1614 — 2230(G = 0.0000135, H = —7.455 x 10~8km?), (ii)4U 1608 — 52(G = 0.0000209, H = —1.1446 x 10~ km?),
(iii)SAXJ18808.4 — 3658(G = 0.0000319, H = —1.5664 x 10~ 7km?), (iv)4U1538 — 52(G = 0.0000296, H = —1.4545 x 10~"km?), and

(WSMCX — 1(G = 0.000023, H = —1.154 x 1077 km?) [47]

where py represents the constant of integration. The density
variation in Fig. 4 indicates an increase from the interior
directed toward the outer boundary, which implies that the
shell’s compactness is greater at the external boundary inter-
face than at the interior.

5 Exterior region

The exterior region of the gravastar is modeled as a com-
plete vacuum, where the pressure and density are both zero

0.02736 -

0.02734 -

Q
& 002732+

0.02730 -

0.02728 & L L

= (G1=0.0000135
= (G2=0.0000209
—— (G3=0.0000319
~ (G4=0.0000296
- G5=0.000023

10.002 10.004

10.006 10.008

Thickness €

Fig.4 Density profile of the shell is plotted versus its thickness for ()PSRJ1614 — 2230(G = 0.0000135, H = —7.455 x 10~%km?),
(i))4U1608 — 52(G = 0.0000209, H = —1.1446 x 1077 km?), (iii)SAXJ18808.4 — 3658(G = 0.0000319, H = —1.5664 x 10~ km?),
(iv)4U1538 — 52(G = 0.0000296, H = —1.4545 x 10~"km?), and (v)SMCX — 1(G = 0.000023, H = —1.154 x 10~"km?)
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(p = p = 0). The corresponding spacetime metric takes the
form as

ds? (1 . 2—M>dt2 -

dr — 1 (d92 +sin’ d¢2>,
.

_
(%)
(20)

which corresponds to the Schwarzschild-type vacuum solu-
tion in (3 + 1) dimensional spacetime. The parameter M cor-
responds to the gravastar’s total mass.

6 Junction conditions

The gravastar model has three separate regions, each char-
acterized by a unique EoS that governs its behavior. Regions
(I) and (III) are separated by the thin shell. As a result, it
plays a significant part in the gravastar’s structure. The out-
come is thus a geodetically complete manifold, featuring a
surface situated matter shell. The gravastar configuration is
thereby separated by a single manifold. The interior (/) and
exterior (/1) regions need to be smoothly matched at the
junction in accordance with the primary junction constraint.
While the metric co-efficients themselves are continuous at
the junction, their derivatives might not be. Application of
the Darmois—Israel junction condition will facilitate the
computation of the surface stresses at the junction inter-
face (S) [54-56]. As a fundamental requisite for the junc-
tion condition, regions of interior and exterior must match
smoothly at the junction. To determine the potential across
the thin shell, we see that the Israel junction conditions are
applicable if the shell’s thickness is negligible. Mathemati-
cally, this implies that the shell is a hypersurface with one
dimension less than the embedding manifold. Beyond the
shell, the transitioning to de-Sitter space inside is expected
to occur through a quantum phase transition. In this context,
the shell represents a thin boundary between two spacetimes;
otherwise, a thick shell would undergo significant changes or
disruptions during the phase transition. We use the junction
condition here as there are two different metrics across the
thin shell that match the condition along the boundary since
the metric along the hypersurfaces must be continuous as
well as differentiable. We can see the thin-wall formalism
for vacuum bubble nucleation in gravitational theories like
Brans—Dicke-type scalar-tensor gravity, where the authors
have generalized the junction conditions to include the
Brans—Dicke scalar and have recast the resulting wall equa-
tion into a mechanical form with an effective potential [57].
This framework successfully provides a clear prescription
to derive the junction equation across the bubble wall and
also a practical route to compute the effective potential that
governs bubble dynamics and the Euclidean bounce relevant
for nucleation rates. Also, the development for the junction

conditions for this Brans—Dicke—type gravity in the thin-wall
limit can be seen in the works of [58], where the derived
equation of motion, rearranged into a form with an effective
potential, serves as a powerful tool for analyzing dynamical
regimes like expansion or collapse of false vacuum bubbles.
The Lanczos equation provides an explicit representation of
the intrinsic surface energy tensor S, [59-62]

1
§e = (x 50k ")

’= T3, 21
Here, Kop = K;ﬂ -K ‘ﬂ, the (+) sign corresponds to the exte-
rior surface and (—) sign corresponds to the interior inter-
face. The second fundamental form is formulated as

Ki — _ni[ azxn
= rlogeogr

In this context, £% denotes the extrinsic co-ordinates on the
shell, n the unit normals on the surface and for the spheri-
cally, symmetric static metric

- Ox‘ox ” ‘

S 2Eroe (22)

ds® = h(rd* — h(r)"dr® — r2<d92 +sin’ d¢2) (23)

and an explicit expression for n* is

-3 oh

oxr

i Oh Oh

e = s 1 00
oxt ox'

(24)

Here, n*n, = 1. By applying the Lanczos equation, the sur-
face stress-energy tensor at the interface boundary can be
formulated as Saﬂ = diag (0@, —E, —E, —E). In this expres-
sion, O represents the surface energy density and = the sur-
face pressure. The definition of these parameters are deter-
mined as

0=——(Vi) 25)

4rzD

3=‘9+1én(\]}%)- (26)

The surface energy density and surface pressure can be
explicitly determined from the above equations as

_ / _2_M_ /3 — 87rp€D 7
4ﬂ'D

and

—
= —
==

1-XM
D

1
871'D[\/1_2ﬂ_
D

3 — 167p,D? ]

VO = 24mp, 021 (28)
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Fig.5 The surface energy density is plotted with respect to the thick-
ness parameter e(km) for M = 3.388M® [63]
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Fig.6 The surface pressure is plotted with respect to the thickness
parameter e(km) for M = 3.388M® and p, = 0.0001

Figures 5 and 6 show how the surface energy density
and surface pressure vary. Results show that the parame-
ters are uniformly positive within the shell. This outcome
implies that the null energy condition has been satisfied
allowing the shell formation. As we move toward the
outer boundary, we can see that the surface energy density
parameters increase, while the surface pressure decreases.
With Eq. (27), the mass of the thin shell is found to be

Ml — 4xD?O = [W] (29)

The results for the thin shell mass variation are visual-
ized in Fig. 7. The plot shows an increase toward the outer
boundary. We derive the total mass of the gravastar using
the above Eq. (29) as

nnnnnnnnnnnnnnnnnnnnnnn

9.80r

9.75r

Mass of the thin shell

9.70r

10.004 10.006 10.008

Thickness €

10.002

Fig.7 A plot of the thin shell mass M5/ versus the thickness param-
eter e(km) is presented for M = 3.388M ), pp = 0.0001

25r

20r

EoS parameter (w)

10.004 10.006 10.008

Thickness €

10.002

Fig.8 The EoS parameter (w) is plotted with respect to thickness
parameter e(km) for M = 3.388M®, pe = 0.0001

471',09D2 Shell 3 (MShell)2
M= ———+ M" 1--= D?) — ————. 30
3 (1 =370D% = =35 (30)
The EoS parameter (w) is described by
Z(D)
D)= —=;
(D) o)’ (€29)

the EoS parameter calculated from Eqgs. (27) and (28) results
in

-4 2
D 3—l6mp,D
( \/ _m V/9-247p,D? )
w(D) = - . (32)

(= D)
3 D
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Evidently from Fig. 8, we can see that w(D) decreases
as it approaches the external boundary with increasing
shell thickness.

7 Stability analysis

The stability of our star model has been assessed in this
section via two separate methods: < i > surface redshift
and < ii > speed of sound analysis. The methods used are
obtained below.

7.1 Surface redshift

The study of surface redshift is a key source of insight into
evaluating the stability and detectability of gravastars. The
surface gravitational redshift is characterized by

Zy= % = i—”, A4 embodies the fractional difference in

wavelengths between the emitted A, and observed signals 4,,.
It was asserted that the surface redshift of a static, isotropic
perfect fluid cannot exceed a value of 2 [64—66]. For aniso-
tropic fluid distribution, the surface redshift limit has been
proposed to be as high as 3.84 [67]. Studies also revealed
that, for isotropic fluid distributions without a cosmological
constant Zg < 2 [68]. It was again shown that, considering
the cosmological constant, the surface redshift (Zg) of an
anisotropic star is bounded above by 5 [66]. To determine

e e

the surface redshift, we have utilized the following equation
as:

i
Ze=—1+|g,| 2. (33)

Consequently, we obtain the surface redshift as

G + Hr?
zZ =—1+1/—. 4
s G(Hr? + 1) 34

We have graphed the surface redhsift variation in Fig. 9.
As seen in the figure, the value of Z; remains within 1 across
the whole thin shell for varying values of the parameters.
Based on our analysis, our gravastar model can be deemed
stable and physically acceptable.

7.2 Speed of sound analysis

The stability analysis of gravastar can be facilitated by
examining the properties and behavior of n. Here, 7 is an
effective parameter that corresponds to the square of the
sound speed, i.e.,n = vf [69, 70]. A stable system requires
n to satisfy the condition 0 < 5 < 1. Clearly, the speed of
sound should not exceed the speed of light. However, this
restriction may not be satisfied on the surface layer. The
square of the speed of sound is defined by [71]

0.24

022

0.20

—— (G1=0.0000135

- G2=0.0000209
G3=0.0000319
G4=0.0000296

= G5=0.000023

1 1
10.002 10.004

1 1
10.006 10.008

Thickness €

Fig.9 Z; is plotted with respect to thickness parameter e(km) for (i)G = 0.0000135, H = —7.455 X 10~8km?,
(i))G = 0.0000209, H = —1.1446 x 10~7km?, (iii)G = 0.0000319, H = —1.5664 x 10~7km?, and (iv)G = 0.0000296, H = —1.4545 x 10~ 7km?,

()G = 0.000023, H = —1.154 x 10~ km?
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Fig. 10 The change of # = vf is plotted with respect to the thickness
parameter e(km) for M = 3.388M®, pe = 0.0001

, _ED)

=V = D)’ (35)

where the prime signifies the derivative with respect to the
radial co-ordinate. Equations (27) and (28) yield

_.2
n=v:
M MA-9) 4 Dmpy _ 24nDpy3-16D%xpy)
DI B g 7 " \o—2azD2, 2 2p)3
-2 ( _F) ) (9-24D7py)

_ 8Dmp, )
8
3 \/ 1-3D2ap,

2(— M
D1y /1-2

(36)

Due to complexity of #’s mathematical expression, we
focus on its graphical representation. As illustrated from
Fig. 10, the effective parameter 5 is observed to satisfy
0 < 5 < 1 across the entire shell region. The positive sign
of 5 as depicted from the figure ensures the model’s sta-
bility [71].

8 Physical aspects of parameters
of gravastar

Next, we investigate the properties of the gravastar’s physi-
cal characteristics, including proper length, energy, and
entropy within the shell.

8.1 Proper length of the shell

With the radius at the interior edge being r = D and that of
the outer edge being r = D + ¢, € indicates the shell’s dimen-
sional thickness which is deemed to be extremely small (
i.e., ¢ < 1). Hence, the two boundaries of the shin shell

150
— 1=0.0000135
—— (7-0.0000209
14or G3=0.0000319
G4=0.0000296

= G5=0.000023
130

120+

Proper length of the shell

110

100+
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I I I
10.0 10.2 10.4

I I
10.6 10.8 11.0

Thickness €

Fig. 11 A plot of the proper length of the shell versus the shell’s thickness e(km) for ()G = 0.0000135, H = —7.455 x 108 km?,
(ii)G = 0.0000209, H = —1.1446 x 10~ km?, (iii)G = 0.0000319, H = —1.5664 x 10~7km?, (iv)G = 0.0000296, H = —1.4545 x 10~"km?, and

()G = 0.000023, H = —1.154 x 10~ km?
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region enclose the stiff fluid in the gravastar configuration.
A mathematical representation of the shell’ proper length
is provided as

D+e 1

b o=

From Eq. (18), we derive the proper length of the shell as

[ (-1+G6G)G
2—[G e G+H? Np?

2Hr

-
I

D+e
dr = / \/e_Edr. (37)
D

(-1+6)G (-1+6G)G 1
GVe G+H? NRQHP +2AG+H?) 14 G)GExplntegralEi[——(_ + GG

+
4Hr

5 D+e
E= / 4zr? pdr. 39)
D

With the matter density within the shell given by Eq. (19),
it can be found out. We utilize a Taylor series expansion and
neglect the higher order terms to simplify the expression as
(since the shell is very thin)

(38)

2G + Hr?) ]D+e
o

where ExplIntegralEi[x] is the exponential integral function
Ei[x]. A visual inspection of Fig. 11 reveals a monotonic
increase in the proper length of the shell with its thickness
[34, 36, 38].

8.2 Energy content within the shell
The EoS p = —p in the interior region indicates a domain

with negative energy implying a repulsive core. However,
to find the energy within the shell, we will employ
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Fig. 13 A plot of the entropy of the shell versus the shell’s thickness e
(km) for N = 0.05, px = 1and e = 0.0001
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Fig. 12 A plot of the energy content within the shell versus the shell’s thickness e(km) for (i)G = 0.0000135, H = —7.455 x 10~3km?,
(#)G = 0.0000209, H = —1.1446 x 10~7km?, (iii)G = 0.0000319, H = —1.5664 x 107 km?, (iv)G = 0.0000296, H = —1.4545 x 10~ 7km?, and
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3
-1+ G)Gz arctan[ \/\/Izr]
P -14+6)G G 1D+e
O R
H2

The shell’s enclosed energy is displayed graphically in
Fig. 12. Our investigation demonstrates an increase in the
energy content confined to the shell with respect to the thick-
ness. The energy and matter density fluctuations exhibit
similar patterns. Our findings are consistent with the prereq-
uisite that the shell’s energy increases as the radial distance
increases [34, 36].

8.3 Entropy of the shell

Entropy reflects the randomness or disorderliness of the stellar
system. Evidently from the review of the existing literature,
we can see that the gravastar interior has zero entropy density.
However, the entropy of the thin shell is described by the rela-
tion as

R D+e
S=4zx / s(nr*Ve*dr, (41
D

where s(7) denotes the entropy density at temperature 7(r) by

PRT()

. k
S= e (?B) e “42)

2

with f as a dimensionless constant. Consequently, the
entropy within the shell is formulated as

47[ﬂk3 D+e
h\2x JD

S =

A/ peXdr. (43)

In this context, we use the Planckian units k; = i = 1. Here,
the thin shell approximation has been adopted to calculate
the system’s entropy. Discarding the higher order terms of
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Fig. 14 A plot of NEC versus the shell’s thickness e(km) for
M = 3.388M, py = 0.0001
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Fig. 15 A plot of SEC versus the shell’s thickness e(km) for
M =3.388M ¢, py = 0.0001

the thickness parameter, we can find the entropy inside the
shell to be

8 ~ 2V2\/ZP(N )2 €D, (44)

Our obtained results demonstrate that the entropy distribu-
tion in the shell is proportional to its thickness in the pro-
posed gravastar model. The graphical representation of
entropic characteristic of the shell is depicted in Fig. 13 with
respect to the thickness. The graph demonstrates that the
entropy within the shell grows with increasing shell thick-
ness. A necessary condition for the stability in a gravastar
model features that the entropy should attain its maximum
value at the surface [36, 71].
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Fig.16 A plot of DEC versus the shell’s thickness e(km) for
M =3.388M¢), py = 0.0001
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9 Energy conditions

For a geometric structure to be physically viable, it must
adhere to certain constraints known as energy conditions.
In GR, the energy conditions are given by

(7))  Null energy condition (NEC): ® + E > 0.

(ii) Weak energy condition (WEC): ® > 0,0 + E > 0.

(iii) Strong energy condition (SEC):

®+E>0,0+3E>0.

(iv) Dominant energy condition (DEC): ® > 0,0 + E > 0

Our investigation aims to determine is the NEC condition is
satisfied, indicating the presence of ordinary or exotic mat-
ter within the shell. The plots in Figs. 14, 15, and 16 show
the behavior of the energy conditions within the shell w.r.t
to the shell thickness. Our results reveal that both NEC and
SEC are satisfied throughout the entire shell, while DEC is
violated in the process of the shell formation [36, 63].

10 Conclusion

In this manuscript, our analysis considered a spherically
symmetric stellar system within GR, incorporating an iso-
tropic fluid and the Buchdahl metric potential. We have for-
mulated the EFEs within the context of (3 + 1) dimensional
spacetime with this metric potential and have proceeded
to conduct an analysis of the geometry of a stable gravas-
tar solution. The gravastar model comprises three distinct
regions: the interior, the shell, and the exterior. The interior
domain of the gravastar is characterized by the EoS p = —p
where we find the regular, singularity-free solutions for the
gravitational mass and the metric co-efficients which are
illustrated in Figs. 1 and 2. The fluid source in the shell
region is subject to the EoS p = p(ultra-stiff perfect fluid).
This part represents the interface between the inner and
the outer regions, the intermediate region representing a
thin shell with an infinitesimally shell thickness. Under the
assumption of this approximation, our findings indicate an
analytical solution that describes the thin shell of the model.
Our results include well-behaved solutions for the metric
co-efficients and pressure/matter density which are depicted
in Figs. 3 and 4. With increasing thickness of the shell, the
ulta-relativistic fluid’s density increases, implying that the
outer edge of the shell is denser than its inner regions. Our
findings are consistent with [36, 44]. In the exterior region,

the Schwarzschild solution corresponds to the solution for
the vacuum model (p = p = 0).

The Darmois—Israel formalism has been employed to
establish the matching constraints between the interior and
exterior surfaces. The matching conditions have allowed us
to determine the surface energy density and surface pres-
sure. Figures 5 and 6 provide a visual representation of their
behavior. Furthermore, we have derived the EoS parameter
on the surface and also the mass of the thin shell and the
results of our analysis are presented in Figs. 7 and 8. The fig-
ures provide a clear evidence that the surface energy density,
surface pressure, EoS parameter, and the mass of the thin
shell exhibit a monotonic increasing nature for the surface
energy density and monotonic decreasing nature for surface
pressure and EoS parameter with the increasing thickness.
And also, we have obtained an expression for the total mass
of the gravastar in terms of the thin shell mass.

Section 7 presents our model’s stability, considering the
surface redshift effects and speed of sound. The results show
that our model is stable and meets the physical requirements,
with Zg and # lying within the stability region. We have also
investigated the shell region’s properties, including proper
length, energy, and entropy for the shell. The results pre-
sented in Figs. 11, 12, and 13 show that the proper length,
energy content, and entropy of the thin shell increase as the
thickness of the shell increase. Moreover, Figs. 14, 15, and
16 demonstrate that NEC and SEC are satisfied throughout
the entire shell, unlike the DEC which is not met for the con-
struction of the thin shell. The outcome of our investigation
suggests the presence of exotic matter within the shell [36,
63]. In conclusion, our proposed gravastar model resolves
the limitations associated with the BHs, emerging as a viable
alternative to the classical BH theory.
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