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Abstract Studying black holes in alternative gravitational
frameworks is crucial for understanding the interplay between
dark matter and modified gravity. This work examines black
holes immersed in perfect fluid dark matter (PFDM) within
the Kalb–Ramond (KR) gravity framework. The KR field, a
rank-2 antisymmetric tensor, introduces additional degrees
of freedom that alter spacetime geometry and affect parti-
cle dynamics. We derive the metric for a black hole embed-
ded in PFDM and analyze the circular motion of test par-
ticles. By investigating the effective potential, energy, and
angular momentum, we determine conditions for stable cir-
cular orbits and explore the impact of KR field parameters
and PFDM properties. Beyond kinematics, we study quasi-
periodic oscillations (QPOs) commonly observed in the X-
ray spectra of black hole accretion disks. We link QPO fre-
quencies to orbital properties in our model, proposing an
observational test to distinguish KR gravity with PFDM from
general relativity. Additionally, we explore the thermody-
namic aspects of these black holes, calculating temperature,
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entropy, and heat capacity to assess the impact of the KR field
and PFDM on stability and phase transitions. Radiation prop-
erties are also investigated, including modifications to radia-
tion due to the influence of the PFDM and the KR field on the
event horizon. Our results reveal that KR gravity and PFDM
generate distinctive signatures in particle dynamics, QPO
patterns, thermodynamics, and radiation, offering potential
observational tests to differentiate these models from stan-
dard general relativity (GR).

1 Introduction

The study of black hole (BH) dynamics is a cornerstone
of modern theoretical and astrophysical research that offers
profound insights into the interplay between gravity, quan-
tum mechanics, and astrophysical phenomena. In particular,
exploring the behavior of test particles and their associated
quasiperiodic oscillations (QPOs) around BHs is a crucial
avenue to understanding the underlying physics of strong
gravitational fields [1,2].

The Kalb–Ramond gravity framework, which introduces
an antisymmetric tensor field in gravitational theory, has
gained traction as a promising modification of General Rel-
ativity (GR). This framework extends our understanding
of fundamental forces and provides testable predictions in
extreme environments such as black hole spacetimes [3–5].
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Furthermore, when BHs are surrounded by exotic forms of
matter, such as perfect fluid dark matter or quintessence, their
dynamics significantly differ from predictions based solely
on vacuum solutions. The presence of a dark matter medium
can influence particle trajectories, accretion disk structures,
and even the QPO frequencies, making it a compelling area
of investigation [6,7]. The phenomenon of QPOs, observed
in the X-ray emissions of accreting BH systems, is a valuable
diagnostic tool for probing the spacetime geometry and the
properties of compact objects. QPOs have been successfully
used to constrain the mass and spin of BHs and to test alter-
native theories of gravity [8–10]. In this context, combining
KR gravity and the perfect fluid dark matter model offers
a novel platform for studying the modifications introduced
to the BH environment and the corresponding observational
signatures.

In this work, we aim to investigate the dynamics of test
particles around BHs in KR gravity surrounded by PFDM.
We focus on understanding how the antisymmetric tensor
field and the dark matter medium alter the trajectories of
particles and the characteristics of QPOs [7,11–13]. By ana-
lyzing these effects, we hope to shed light on the potential
observational imprints that could help distinguish between
different gravitational models and the nature of dark matter.
The structure of this manuscript is as follows: In Sect. 2,
we will explore the spacetime characteristics around BHs in
KR gravity with surrounding PFDM. Section 3, we conduct
a detailed analysis of the thermodynamic parameters of the
black hole under investigation, exploring its key properties
and their physical implications. Section 4 focuses on analyz-
ing the circular motion of neutral test particles. In Sect. 5, we
research the radiation properties of the accretion disk around
a BH. In Sect. 6, we will investigate quasi-periodic oscilla-
tions and different models of QPOs through the framework of
fundamental frequencies. Lastly, in Sect. 8, we will summa-
rize our findings and present concluding remarks. We adopt
the spacetime metric signature (−,+,+,+) and work in the
geometrized unit system where G = c = 1. Latin indices
range from 1 to 3, while Greek indices vary from 0 to 3.

2 The spacetime properties

The action for a gravitational field in KR gravity, which
includes contributions from the KR field [3], the BH’s grav-
itational field, and the PFDM surrounding it, is generally
written as:

S = SGR + SK R + SPFDM (1)

The standard Einstein–Hilbert action governs the space-
time geometry [14], given by:

SGR = 1

16πG

∫ √−g R d4x (2)

where R, the Ricci scalar curvature, describes the spacetime
geometry. g = det(gμν) is determinant of the spacetime met-
ric tensor gμν . G is the Newtonian gravitational constant. We
have set 8πG = 1 for convenience.

The KR field is a rank-two antisymmetric tensor field Bμν .
To produce a nonzero vacuum expectation value (VEV) for
the KR field, denoted as 〈Bμν〉 = bμν , we adopt a poten-
tial of the general form V = V (BμνBμν ± b2), with the ±
sign chosen to ensure b2 is a positive constant. This leads
to the VEV being governed by the constant norm condition
bμνbμν = ∓b2. During vacuum condensation, the gauge
symmetry Bμν → Bμν + ∂[μ�ν] of the Kalb–Ramond field
is spontaneously violated, resulting in a symmetry-breaking
VEV background that disrupts particle local Lorentz invari-
ance. Additionally, the term ξ3BμνBμνR in the action (1)
becomes ∓ξ3b2R in the vacuum, which can be incorporated
into the Einstein–Hilbert terms via a redefinition of variables.

Decomposing the KR field, it is practical to express the
antisymmetric tensor Bμν as Bμν = E[μvν] + εμναβvα B̃β ,
where vα is a timelike 4-vector. The pseudofields Ẽμ and
B̃μ are spacelike, satisfying Ẽμvμ = B̃μvμ = 0. Similar to
Maxwell electrodynamics, these can be regarded as pseudo-
electric and pseudomagnetic fields, respectively. By assum-
ing that only brt = −btr = Ẽ(r) are nonzero in the VEV,
or equivalently, b2 = −Ẽ(r) dt ∧ dr in differential form
notation, the vacuum field takes on a pseudoelectric con-
figuration. This arrangement naturally causes the KR field
strength to vanish, i.e., Hλμν = 0.

KR dynamics are governed by a field strength tensor Hμνρ

is:

Hμνρ = ∂μBνρ + ∂νBρμ + ∂ρBμν = ∂[μBνρ] (3)

The corresponding action for the KR field [3] is:

SK R = − 1

2

∫ √−g
[1

6
HμνρH

μνρ + V (BμνBμν ± b2)

− ξ2B
ρμBν

μRρν − ξ3B
μνBμνR

]
d4x (4)

where ξ2,3 are the non-minimal coupling constants between
gravity and the KR field. Hμνρ is the kinetic term for the KR
field.

The action for the PFDM is modeled as a perfect fluid
with the energy-momentum tensor T PFDM

μν = (ρ+ p)uμuν +
pgμν , where, ρ is an energy density, and pressure p. The
energy-momentum tensor Tμ

ν = diag(−ρ, pr , pθ , pφ) with

123



Eur. Phys. J. C           (2025) 85:797 Page 3 of 20   797 

−ρ = pr = λ

8πr3 and pθ = pφ = − λ

16πr3 . (5)

To obtain the field equations, we vary the action concern-
ing the metric tensor gμν , the KR field Bμν , and, if applicable,
other dynamical fields. Here, we focus on the gravitational
field equations resulting from the variation for gμν . The vari-
ation of the action S with respect to gμν yields:

Rμν − 1

2
gμνR = TKR

μν + T PFDM
μν , (6)

where Rμν the Ricci tensor andTKR
μν is the energy-momentum

tensor of the KR field, and it has the form,

TKR
μν = 1

2
HμρλHν

ρλ − 1

2
gμνH

ρλσ Hρλσ + 2V ′(Y )BμρB
ρ

ν

− gμνV (Y ) + ξ2

[1

2
gμνB

ρσ Bλ
σ Rρλ − Bρ

μB
λ
νRρλ

− BρλBνλRμρ − BρλBμλRνρ + 1

2
∇ρ∇μ(BρλBνλ)

+ 1

2
∇ρ∇ν(B

ρλBμλ) − 1

2
∇ρ∇ρ(Bμ

λBνλ)

− 1

2
gμν∇ρ∇λ(B

ρσ Bλ
σ )

]

(7)

where parentheses denote symmetrization over indices, and
∇λ is the covariant derivative. This tensor includes contribu-
tions from the kinetic term of the KR field (Hμνρ), the poten-
tial V , and the non-minimal couplings ξ2 and ξ3 between the
KR field and curvature tensors. Y = 2bμρbν

ρ + b2gμν

Exploring a static and spherically symmetric spacetime
within the nonzero VEV background of the KR field, we
propose the metric ansatz

ds2 = −A(r) dt2 + B(r) dr2 + r2 dθ2 + r2 sin2 θ dφ2. (8)

Accordingly, the pseudoelectric field Ẽ(r) can be expressed
as Ẽ(r) = |b|√A(r)B(r)/2, ensuring that the constant norm
condition bμνbμν = −b2 is fulfilled.

The following differential equations are obtained using the
field equation (6) under the ansatz A(r) = 1/B(r) = f (r):

f ′′(r) + 2

r
f ′(r) + λ

2r3 = 0, (9)

f ′′(r) + 1 + l

lr
f ′(r) − 1

lr2 + 1 − l

lr2 f (r) = 0. (10)

where l ≡ ξ2b2/2 [3]. Using Eqs. (9) and (10), one can easily
get,

r f ′(r) + f (r) − 1

1 − l
− λ

r
= 0 (11)

Fig. 1 The radial dependence of the metric function for a BH in KR
gravity surrounded by PFDM is shown for different parameter values
λ, with l = 0.2 fixed

which has the solution

f (r) = 1

1 − l
+ λ

r
ln r + c1

r
(12)

where the constant have to be c1 = −2M−λ ln |λ|, to satisfy
the solution KR and GR limits.

Thus the metric function f (r) is defined as:

f (r) = 1

1 − l
− 2M

r
+ λ

r
ln

r

|λ| . (13)

The logarithmic term in the lapse function is a unique sig-
nature of the surrounding dark matter’s effect, while the 1

1−l
factor indicates the KR corrections. This metric generalizes
the Schwarzschild solution and exhibits deviations near the
event horizon of the BH.

In Fig. 1, we present the radial dependence of the lapse
function f (r) for the spacetime surrounding the BH in KR
gravity with PFDM for l = 0.2. The PFDM parameter influ-
ences the behavior of the metric function. From the figure, it
is evident that an increase in the parameter λ leads to a rise
in the value of the metric function.

2.1 Event horizon: the ultimate boundary of BHs

The event horizon represents the ultimate boundary beyond
which nothing, not even light, can escape. It is determined by
setting the lapse function to zero, defining the fundamental
characteristic of BHs. The event horizon can be expressed
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Fig. 2 The variation of the event horizon radius of a BH in KR gravity
surrounded by PFDM as a function of the parameter l for different
parameter λ

using a solution of f (r) = 0,

r = λ(1 − l) ProductLog

⎛
⎜⎜⎝

(
|λ|1−l e

2(1−l)M
λ

) 1
1−l

λ(1 − l)

⎞
⎟⎟⎠ (14)

where ProductLog(z), for arbitrary z, is defined as the prin-
cipal solution of the equation WeW = z.

The event horizon marks the region where the escape
velocity equals the speed of light, meaning that any object
crossing this boundary is inevitably drawn toward the singu-
larity. Additional geometric and field contributions can mod-
ify the event horizon structure in KR gravity. A surrounding
PFDM medium may further alter the spacetime structure near
the horizon, affecting key observable features such as the
photon sphere and the ISCO.

In Fig. 2, the BH’s horizon radius variation concerning
the KR field parameter l is illustrated for different PFDM
parameter λ values. From the figure, we can conclude that as
the PFDM parameter λ increases, the event horizon begins
to shrink.

2.2 Scalar invariants

The study of curvature invariants, including the Ricci scalar,
the Ricci tensor squared, and the Kretschmann scalar, pro-
vides important information about the properties of space-
time geometric and physical properties such as stability and
overall structure [15,16]. Therefore, in this analysis, we focus
on evaluating the curvature invariants to explore character-
istics of the spacetime geometry of a black hole surrounded
by PFDM in KR gravity in detail.

TheRicci scalar.First, we analyze the influence of the space-
time parameters λ and l on the behavior of the Ricci scalar.

The mathematical expression for the Ricci scalar can be
derived explicitly as follows:

R = gμνR
μν = λ

r3 + 2l

(1 − l)r2 . (15)

One can explore how the KR and PFDM fields affect the
curvature properties of spacetime on the Ricci scalar, high-
lighting the interplay between their contributions to space-
time curvature.

The square of Ricci tensor. Now, we explore the square
of the Ricci tensor of the spacetime described by Eq. (13),
which can be expressed in the following form:

RμνR
μν = 2l2

(1 − l)2r4 + 4λl

(1 − l)r5
+ 5λ2

2r6 (16)

By evaluating the square of the Ricci tensor, one can exam-
ine how these parameters affect the overall curvature struc-
ture of the spacetime, providing deeper insights into its geo-
metric properties.

TheKretschmannscalar.Now, we explore the Kretschmann
scalar (K = Rμνλσ Rμνλσ , Rμνλσ represents the Riemann
curvature tensor), which provides additional information
about the curvature of the spacetime with the radial func-
tion described by Eq. (13). It helps better understand space-
time singularities, asymptotic behavior, and other curvature
features, especially in Ricci-flat geometries. Unlike the Ricci
scalar, the Kretschmann scalar does not vanish even for Ricci-
flat spacetimes, making it a useful quantity to get additional
insights into the properties of a given Ricci-flat spacetime.
The exact analytical expression for the Kretschmann scalar
for the spacetime with the function (13) is,

K = 48M2 + 40Mλ + 13λ2

r6

+ 4l2

(1 − l)2r4 − 8l

(1 − l)r5

(
2M − λ ln

r

|λ|
)

+ λ

r6 ln
r

|λ|
[

4λ

(
3 ln

r

|λ| − 5

)
− 48M

]
. (17)

Figure 3 illustrates the radial dependence of the scalar
invariants for the different values of the PFDM parameters
of λ for case l = 0.2 in the upper panel and the Lorentz
symmetry breaking parameter l for case λ = 0.1 in the lower
panel. One may see from the upper panel of Fig. 3 and Eqs.
(15), (16) and (17) that increasing the PFDM parameter λ

causes an increase in the values of Ricci scalar, the square
of Ricci tensor, and the Kretschmann curvature scalar in the
center of the BH with a background KR field surrounded by
PFDM. In the lower panel of Fig. 3, all three scalar invariants
increase as l increases.
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Fig. 3 The radial profiles of scalar invariants of spacetime for various values of parameters λ and l. The left panel illustrates the Ricci scalar, the
middle panel represents the square of the Ricci tensor, and the right panel depicts the Kretschmann scalar

3 Thermodynamical properties

In this section, we analyze the thermodynamic properties of
a BH in KR gravity surrounded by PFDM. To achieve this,
we begin by examining the event horizon. By solving the
equation f (r) = 0 at the event horizon, we determine the
horizon radius r+, which allows us to compute the volume
of the event horizon [17,18]:

V = 4

3
πr3+ . (18)

To investigate this, we begin by solving the equation
f (r+) = 0 for the lapse function (13) to determine the BH
mass, which gives

M = 1

2

(
r+

1 − l
− λ ln

r+
|λ|

)
(19)

The first law of thermodynamics for a BH is:

dM = THdS + VdP, (20)

where TH is Hawking temperature, where S represents the
entropy at the equilibrium without considering thermal fluc-
tuation or the uncorrected entropy. Let us notice that S0. By
utilizing the given lapse function f (r), given in Eq. (13), we
can determine the temperature TH in the following form:

TH = f ′(r)
4π

∣∣∣∣
r=r+

= 1

4πr2+

[
2 + λ

(
1 − ln

r+
|λ|

)]
. (21)

Fig. 4 Dependence of the Hawking temperature on the BH horizon
radius r+

In Fig. 4, we plot the behavior of the Hawking temperature
as a function of the horizon radius for specific values of the
PFDM parameter. The impact of the PFDM parameter on the
Hawking temperature is evident from the diagrams. It can be
inferred that increasing the λ-parameter leads to an increase
in temperature.
Hawking entropy. The second law of thermodynamics for
BHs is expressed as:

dS

dt
≥ 0 (22)

This law states that the entropy of a black hole never
decreases; it either increases or remains constant. It is mathe-
matically formulated using the Bekenstein–Hawking entropy
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Fig. 5 Entropy behavior for the BH in KR gravity surrounded by
PFDM

equation:

S = kB A

4h̄G
(23)

where S is the BH entropy, A is the event horizon area, kB is
the Boltzmann constant, h̄ is the reduced Planck constant. For
a spherically symmetric BH, the horizon area has the value
A = 4πr2+. In geomeytrized units (kB = 1, h̄ = 1, G = 1),
this simplifies to:

S = πr2+ (24)

In Fig. 5, we have shown the characteristics of Hawking
entropy. The figure shows that the entropy value increases as
the PFDM parameter decreases.

Heat capacity. According to the third law of thermodynam-
ics for BHs, reaching absolute zero temperature is impossi-
ble (T = 0). In BH thermodynamics, this law implies that a
BH with an extremely low temperature will asymptotically
approach absolute zero over an infinite amount of time, but
can never actually reach it. In other words, the temperature
of an extremal BH tends to zero but never exactly reaches it.
Mathematically, the temperature of a BH is, TH = κ

2π
, where

TH is the Hawking temperature κ is the surface gravity. For
extremal BHs (i.e., those with the maximum possible charge
or angular momentum), we have κ → 0, which results in
TH → 0. This means the temperature approaches zero but
never exactly reaches it. This law is also closely related to
BH evaporation and quantum effects, reinforcing that a BH
can never achieve absolute zero temperature.

Now, we analyze the thermodynamic stability of the BH
in KR gravity in the presence of PFDM. The heat capacity at
constant volume is defined as,

CV = T
∂S

∂T
= T

∂S

∂r+

(
∂T

∂r+

)−1

. (25)

Plugging Eqs. (21) and (23) into (25), one finally have

CV = πr2+
(
2λ2 − (λ − 2)r+

)
(λ − 2)r+ − 3λ2 (26)

The divergence of the heat capacity CV at certain parame-
ter combinations is indeed a critical aspect of our thermody-
namic analysis, and its physical implications are consistent
with well-established concepts in BH thermodynamics, par-
ticularly phase transitions. In BH thermodynamics, a diver-
gence in heat capacity signifies a second-order phase transi-
tion. At the points of divergence, the BH ceases to be locally
stable.

In the negative heat capacity case (CV < 0), the regions
where the heat capacity is negative indicate thermodynamic
instability. A BH in such a state will typically tend to either
evaporate further (if it loses energy) or grow larger (if it gains
energy), moving away from equilibrium. In the positive case
(CV > 0): Regions where the heat capacity is positive sig-
nify thermodynamic stability. In these regions, the black hole
can absorb or emit energy while maintaining thermal equi-
librium. The points where the capacity diverges mark the
boundary between these stable and unstable phases. This
behavior is analogous to phase transitions in conventional
thermodynamic systems, like the liquid–gas transition in a
van der Waals fluid, where the specific heat diverges at the
critical point. For BHs, these transitions are often interpreted
as changes in the black hole’s “state”, for example, from a
small, unstable BH to a large, stable one.

It is important to note that our thermodynamic analysis,
deriving macroscopic quantities like temperature and entropy
from the BH’s geometric properties, operates within a semi-
classical framework. While we utilize established defini-
tions such as Hawking temperature from surface gravity and
Bekenstein–Hawking entropy from horizon area, a complete
understanding of BH thermodynamics at a fundamental level
would ideally involve the microscopic counting of underly-
ing quantum states. The presence of the KR field, as a rank-2
antisymmetric tensor, introduces additional degrees of free-
dom that modify the spacetime geometry. This inherently
implies a more complex set of microstates compared to vac-
uum black holes in GR. Similarly, the PFDM environment,
which influences the metric through its energy-momentum
tensor, would also affect these microstates. A detailed statisti-
cal mechanical derivation of these microstates, however, falls
outside the scope of this semi-classical study and remains a
profound challenge for future research in quantum gravity.

The behavior of heat capacity against horizon radius r+
was plotted in Fig. 6 for different values of the dark matter
parameter λ. From the figure, we can conclude that as λ

increases, the heat capacity also increases.
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Fig. 6 Variation of heat capacity concerning the event horizon r+ for
a set of values of PFDM parameter λ

Fig. 7 Variation of enthalpy with the BH horizon radius for various
values of PFDM parameter λ

Enthalpy. The enthalpy of the system is evaluated using the
conventional thermodynamic equation,

H =
∫

THdS . (27)

This gives the enthalpy energy of the BH surrounded by
the PFDM in the KR field

H = 1

2

(
(2 − λ) ln r+ − 2λ2

r

)
. (28)

In Fig. 7, the graphical characteristics of enthalpy are pre-
sented for different values of the event horizon r+ and the
matter parameter λ. The figure shows that the enthalpy value
is directly proportional to the event horizon and the PFDM
parameter.

Pressure. In extended thermodynamics, where the mass M is
interpreted as the enthalpy H, the first law is dM = THdS+

Fig. 8 Thermodynamical pressure as a function of the parameter l for
the BH in KR gravity surrounded by PFDM for different parameter
values λ

VdP . Rearranging for pressure has the form,

P = −
(

∂M

∂V

)
S

. (29)

Since (19) and (18), we express M as a function of V in
the following form:

M = 1

2

⎛
⎝λ +

3
√

3
π

3
√
V

22/3(1 − l)
−

22/3 3
√

π
3 λ2

3
√
V

⎞
⎠ (30)

The thermodynamical pressure is,

∂M

∂V
= P = 1

62/32 3
√

π(1 − l)V 2/3
+

3
√

π
6 λ2

3V 4/3 . (31)

In Fig. 8, we illustrate the graphical presentation of the
thermodynamic pressure magnitude. It is observed from the
figure that as the matter parameter λ increases, the pressure
value also increases.

Internal energy. The above-derived quantities are used to
obtain the expressions for the other system properties, such
as internal energy U , Gibbs free-energy G, and specific heat
C for the system of the BH in the KR field surrounded by
PFDM. We use the familiar expression U = H − PV to
find the internal energy, and using the expressions from (18),
(28,) and (31) the internal energy and we have,

U =
(

1 − λ

2

)
ln(r+) − 1

8π(1 − l)(r2+)2/3
− 7λ2

6r+
(32)

In Fig. 9, we plotted the internal energy’s dependence on
the event horizon parameter for various parameter values λ

for case l = 0.2 and lorentz symmetry breaking parameter l
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Fig. 9 Variation of Internal energy concerning the event horizon r+ for
a set of values of PFDM parameter λ, and lorentz symmetry breaking
parameter l

for case λ = 0.1, visually representing how these quantities
interact within our model. The upper panel shows that as
the λ parameter increases, which could be associated with
specific physical properties or conditions in the system, the
internal energy exhibits a corresponding decrease, suggesting
a direct relationship between these two variables under the
given thermodynamic framework. The lower panel shows
that the internal energy decreases as the Lorentz symmetry-
breaking parameter l increases.

Gibbs free energy. The fourth law of BH thermodynamics
is often called the “Zeroth Law”, and according to the law, a
stationary BH’s surface gravity (κ) is constant across its event
horizon. This is analogous to the Zeroth law of ordinary ther-
modynamics, implying a system in thermal equilibrium has a
uniform temperature throughout. Similarly, the surface grav-
ity remains uniform across the horizon for a stationary BH.
Mathematically, this is expressed as κ = constant on the
event horizon, where κ is the surface gravity of the BH. This
law is fundamental in BH thermodynamics because surface
gravity is directly related to the Hawking temperature. Thus,
if a stationary BH is in equilibrium, its temperature remains

Fig. 10 Variation of Gibbs free energy with the event horizon radius
r+ for different values of PFDM parameter λ, and lorentz symmetry
breaking parameter l

uniform across the entire event horizon. Subsequently, we
study the BH’s global stability characterized by the Gibbs
free energy. The Gibbs free energy can be calculated using
the definition G+ = M+ − T+S+, which is expressed as
follows:

G = 1

4

(
3λ − 2 − 2r+

l − 1
− 4λ2

r

)
(33)

Figure 10 presents a detailed graphical representation of
the Gibbs free energy’s characteristics. The upper panel
shows that as the PFDM parameter λ increases, which may
correspond to changes in the dark matter density or its influ-
ence on the system, the Gibbs free energyG exhibits a notice-
able decrease, implying an inverse relationship between the
PFDM parameter and the Gibbs free energy. This shows how
the thermodynamic properties of the system are significantly
affected by variations in this parameter under the conditions
specified in our model. From the lower panel, it can be seen
that as Lorentz symmetry breaking l increases, the Gibbs free
energy increases.
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4 Circular motion of test particle

In this section, we explore the dynamics of test particles in the
spacetime of a BH within KR gravity, surrounded by PFDM.
The antisymmetric KR field and the surrounding dark matter
significantly influence the spacetime geometry, modifying
the particle motion [19–23].

4.1 Equations of motion

The motion of a neutral test particle in the curved spherically
symmetric spacetime can be analyzed using the Lagrangian
approach:

L = 1

2
gμν ẋ

μ ẋν, (34)

where ẋμ = dxμ

dτ
, and τ is the proper time [24–27].

Assuming the motion of particles in the equatorial plane
(θ = π/2), the Lagrangian simplifies to:

L = 1

2

[
− f (r)ṫ2 + ṙ2

f (r)
+ r2φ̇2

]
. (35)

The conserved quantities due to the symmetries of the
spacetime are

pt = ∂L

∂ ṫ
= − f (r)ṫ = −E, (36)

pφ = ∂L

∂φ̇
= r2 sin2 θφ̇ = L (37)

where, E is the specific energy and L is the specific angu-
lar momentum of the test particle. Using the normalization
condition for massive particles gμν ẋμ ẋν = −1, we get:

− f (r)ṫ2 + ṙ2

f (r)
+ r2φ̇2 = −1. (38)

4.2 Effective potential for circular motion

The effective potential is a fundamental concept in classical
and relativistic mechanics that helps describe the motion of a
test particle in a given gravitational or electromagnetic field.
The radial equation of motion for the test particle can be
expressed as:

ṙ2 + Veff(r) = E2, (39)

where the effective potential Veff(r) is given by:

Veff(r) = f (r)

(
1 + L2

r2

)
. (40)

Fig. 11 The radial dependence of test particles’ effective potential for
different PFDM parameter values λ and lorentz symmetry breaking
parameter l

The effective potential represents the contributions from
the gravitational attraction and the centrifugal repulsion due
to angular motion. By analyzing the effective potential, one
can determine key orbital properties such as stable and
unstable orbits, escape conditions, and energy thresholds for
bounded motion.

Figure 11 illustrates the radial dependence of the effective
potential for the radial motion of test particles for different
values of the PFDM parameter λ in the case of l = 0.2 and
lorentz symmetry breaking parameter l for case λ = 0.1.
This graph assumes a constant specific angular momentum
of L = 4.3M . The upper panel illustrates that the PFDM
parameter λ substantially impacts the effective potential. As
the value of λ increases, the effective potential also rises, as
depicted. The lower panel shows that the effective potential
increases as Lorentz symmetry breaking l increases.

The minima of the effective potential correspond to sta-
ble circular orbits, where a small radial perturbation results
in bounded oscillations around an equilibrium position. The
maxima indicate unstable circular orbits, in which a slight
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perturbation can cause the particle to fall into the central
object or escape to infinity. The steepness and shape of the
potential provide insights into the gravitational well and the
forces governing orbital motion. For circular orbits, the fol-
lowing conditions must be satisfied:

dVeff

dr
= 0,

d2Veff

dr2 > 0. (41)

From ∂r Veff = 0, we derive the angular momentum L and
energy E for circular orbits as:

L2 = r2
(
λ

(
ln r

λ
− 1

) − 2M
)

6M − 2r
1−l + λ

(
1 − 3 ln r

λ

) , (42)

E2 =
2

[
2

(
M − λ(1 − l) ln r

λ

) − r
1−l

]2

r
(

6M − 2r
1−l + λ

(
1 − 3 ln r

λ

)) . (43)

These equations describe how the parameters λ and l influ-
ence the properties of circular orbits [25,28,29].

4.3 Stable circular orbits

The second derivative of the effective potential determines
the stability of circular orbits: ∂2

r Veff > 0.

When this condition is not met, unstable circular orbits
occur, indicating that the particle will spiral inward toward
the BH or outward into escape trajectories.

The stability of circular orbits is critical to studying test
particle dynamics around BHs in the presence of KR gravity
and PFDM. Circular orbits are key indicators of the gravita-
tional potential’s nature and provide insights into the inter-
play between the KR field and the surrounding PFDM dis-
tribution.

To examine the stable circular orbits, one typically ana-
lyzes the effective potential, Veff(r), for a test particle. The
effective potential in such a spacetime geometry is derived
from the metric and includes contributions from the KR cor-
rections and the PFDM profile [30,31]. Stability is deter-
mined by the behavior of the second derivative of Veff(r) at
the location of the circular orbit [24].

Circular orbits occur at radii where the radial compo-
nent of the particle’s motion vanishes. Mathematically, this
is given by: ∂r Veff = 0. This condition provides the radius of
the circular orbit, rc, as a function of the system’s parameters,
such as the BH mass, KR coupling constant, and PFDM’s
density profile [27].

For a circular orbit to be stable, small perturbations in the
radial direction should not lead to unbounded oscillations or
escape trajectories [24]. This is ensured if the second deriva-
tive of the effective potential satisfies:

∂2
r Veff

∣∣
r=rc

> 0. (44)

Physically, this condition implies that the effective potential
has a local minimum at rc.

The antisymmetric KR field modifies spacetime geome-
try, impacting the effective potential [30]. These corrections
can shift the location of stable circular orbits and alter their
stability regions compared to the Schw or Kerr spacetimes
[32].

The presence of PFDM adds a density-dependent term
to the spacetime metric, modifying the gravitational poten-
tial [33]. Depending on the PFDM density profile (e.g.,
constant, power-law, or Yukawa-like distribution), circu-
lar orbits’ effective potential and stability conditions can
vary significantly. By numerically solving the conditions for
∂r Veff = 0 and ∂2

r Veff > 0, one can map out the stabil-
ity regions in the parameter space. Key factors to analyze
include the dependence of stable orbit radii on the KR cou-
pling constant [30]. The influence of PFDM density and its
distribution type on the stability criteria [31]. The compar-
ison with standard GR predictions highlights deviations in
KR gravity and PFDM induced [29]. Understanding the sta-
ble circular orbits has profound implications for astrophys-
ical observations. Stable circular orbits are closely related
to the innermost stable circular orbit (ISCO), which deter-
mines the accretion disk’s inner edge. The ISCO location,
modified by KR gravity and PFDM, can influence observ-
able phenomena such as X-ray emissions and QPOs [27,29].
Moreover, these deviations provide potential tests for alter-
native gravity theories and dark matter distributions using
high-precision astrophysical data.

Figure 12 displays the radial distributions of the specific
energy and the specific angular momentum for the circular
orbits of neutral test particles around the BH in KR gravity
surrounded by PFDM, considering the values of the PFDM
parameter for the case l = 0.2 and lorentz symmetry breaking
parameter l for case λ = 0.1. From the upper panel of Fig. 12,
it can be concluded that the specific angular momentum
decreases as the parameter λ increases. However, as shown in
the right panel, the specific energy increases with increasing
PFDM parameter λ. From the lower panel of Fig. 12, it can be
observed that as the parameter l increases, the specific angu-
lar momentum decreases. Meanwhile, the right panel illus-
trates that the specific energy rises with increasing Lorentz
symmetry breaking l.

4.4 Minimum circular orbit

The MCO refers to a spherical region surrounding a BH
where the gravitational field is intense enough to force pho-
tons (light particles) into unstable circular orbits. This expres-
sion arises from the radial extrema condition for photon
orbits in general static, spherically symmetric spacetimes.
This condition is described as follows: Photons travel along
geodesics, which means that they move freely within the
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Fig. 12 The radial dependence of specific angular momentum (left panel) and energy (right panel) for circular orbits for different values of PFDM
parameter λ and lorentz symmetry breaking parameter l

framework of the given metric. The radius must correspond
to an extremum for a photon orbit to be spherical. This con-
dition can be derived using the effective potential approach,
which is written as [34,35]:

dVeff(r)

dr

∣∣∣∣
r=rmin

= 0. (45)

From the above expression, the following can be obtained:

6M − 2r

1 − l
+ λ

(
1 − 3 ln

( r
λ

))
= 0, (46)

The photon sphere lies outside the event horizon, at a pre-
cise radius where light can orbit the BH. These orbits, how-
ever, are not stable in the long term. Any small disturbance
will either pull the photon into the BH or cause it to escape
into space.

Figure 13 presents the dependence of the MCO radius on
the KR field parameter l for various values of the PFDM
parameter λ. The graph shows that as the value of the PFDM
parameter increases, the minimum circular orbit decreases.

Fig. 13 Radius of the MCO as a function of the parameter l for the BH
in KR gravity surrounded by PFDM for different parameter values λ

4.5 Innermost stable circular orbits

The innermost stable circular orbit (ISCO) represents the
smallest radius at which a test particle can maintain a stable

123



  797 Page 12 of 20 Eur. Phys. J. C           (2025) 85:797 

Fig. 14 Graphical illustration of ISCO radius, the specific angular momentum, and specific energy at the ISCO radius of neutral particles for
different values of the parameter l

circular trajectory. Beyond the ISCO, circular orbits become
unstable, leading to a transition to plunge into the BH or
move outward.

In the presence of KR gravity and PFDM, the ISCO is
influenced by modifications to the effective potential, which
depend on both the KR coupling and the PFDM density pro-
file. The ISCO is determined by solving the following equa-
tions simultaneously:

∂r Veff = 0, ∂2
r Veff = 0. (47)

The first condition ensures a circular orbit, while the sec-
ond condition indicates the transition point between stable
and unstable orbits. The KR field alters the space-time geom-
etry. The strength of the KR coupling determines the degree
of this shift, with stronger couplings generally leading to
more significant deviations. The mathematical expression
presented below can be systematically derived from the pre-
ceding equation following the outlined analytical procedure:

2M

(
4λ − r

1 − l
+ 6M

)
+ λ2

(
2 + 3 ln2 r

|λ|
)

−λ ln
r

|λ|
(

4λ − r

1 − l
+ 12M

)
= 0 (48)

The PFDM density profile introduces additional terms in
the metric that affect the effective potential. Depending on
the PFDM distribution (e.g., constant or Yukawa-like), the
ISCO radius may shift inward or outward. Due to enhanced
gravitational effects, the ISCO can move closer to the BH in
denser PFDM environments.

The ISCO radius can be computed numerically by solving
the above equations for a given set of parameters. The key
aspects to analyze include the variation of the ISCO radius
with the KR coupling constant, the dependence of the ISCO
on the density of the PFDM, and its distribution type.

The left panel of Fig. 14 shows how rISCO depends on the
KR field parameter l for various parameters of the PFDM λ.
The figure shows that the ISCO radius of a BH surrounded by
PFDM in the KR field decreases as the PFDM parameter λ

increases. The middle panel of Fig. 14 illustrates the specific
angular momentum (LI SCO ) of the particles at the ISCO

for a BH in KR gravity surrounded by PFDM. As seen in
the figure, as λ increases, LI SCO decreases. The right panel
of Fig. 14 depicts the specific energy (EI SCO ) of particles
at the ISCO. As shown in the figure, EI SCO increases with
increasing λ. Comparison with standard GR predictions to
identify deviations. The ISCO has significant astrophysical
implications, particularly for the accretion disk dynamics.
The inner edge of the accretion disk is typically located at
the ISCO, which influences the emitted radiation spectrum
and variability. Observations of X-ray emissions and QPOs
from BH accretion disks provide a direct means to probe the
ISCO. Deviations in ISCO properties due to KR gravity or
PFDM offer potential tests for these theories and constraints
on the dark matter distribution.

4.6 Energy efficiency

The efficiency of converting the rest mass absorbed into out-
going electromagnetic radiation is a pivotal characteristic of
the accretion process. This efficiency is defined as the ratio
of the energy radiated by photons that escape to infinity from
the disk surface to the mass-energy accretion rate onto the
BH, both evaluated at infinity. Assuming all photons escape,
the efficiency can be expressed via the specific energy at the
ISCO:

η = 1 − E
∣∣∣
r=rISCO

(49)

Figure 15 shows the dependence of η on the KR param-
eter l for different PFDM parameter λ values. We can con-
clude from the graph that as the PFDM parameter λ increases,
energy efficiency η decreases.

5 Radiation properties

In studying the radiation properties around a BH within a
KR field enveloped by PFDM, we concentrate on several
key features of the accretion disk: the radiant energy flux
across its surface, the radiative efficiency, the temperature
distribution, and the spectrum of thermally emitted radiation.
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Fig. 15 A graphical representation of the energy efficiency at the ISCO
radius of neutral particles for various values of the PFDM parameter λ

The expression describes the electromagnetic radiation flux
from the accretion disk:

F(r) = − Ṁ0

4π
√
g

�,r

(E − �L)2

∫ r

rI SCO

(E − �L)L ,r dr. (50)

Figure 19 illustrates the radial variation of this flux, which
is influenced by different values of PFDM intensity λ and
parameter l. From the upper panel, it can be observed that
as λ increases, the flux decreases. Similarly, the lower panel
also illustrates a decline in flux with increasing l.

Since the black body radiation flux is given by F = σT 4,
where σ is the Boltzmann constant, the disk temperature
profile is illustrated in Fig. 16. From the figure, it can be
seen that as the PFDM parameter λ increases, which may
reflect alterations in the underlying dark matter dynamics or
its interaction with the surrounding environment, the temper-
ature of the accretion disk undergoes a discernible reduction.
This observation points to a compelling inverse correlation
between the PFDM parameter and the thermal profile of the
disk. It suggests that the PFDM field’s enhanced presence or
influence plays a pivotal role in cooling the accretion disk,
thereby profoundly impacting its radiative and thermody-
namic properties.

In Fig. 17, a more detailed view of the temperature depen-
dence on the radial distance and the PFDM parameter λ is
provided through a density plot.

The luminosity of the emitted radiation is determined by:

dL∞
d ln r

= 4πr
√
gEF(r), (51)

We assume that the emitted radiation can be described
using the properties of blackbody radiation. Based on this
assumption, the spectral luminosity νLν,∞ can be expressed
as a function of the radiation frequency ν observed at infinity.

Fig. 16 Temperature profile in Kelvin (upper panel) and energy units
(lower panel)

νLν,∞ = 60

π3

∫ ∞

rI SCO

√
gE

M2
T

(ut y)4

exp
[ ut y

(M2
TF)1/4

]
− 1

dr (52)

where i is the angle of inclination of the disk, risco and r∞ are
the inner and outer edges, and I (ν) is the Planck distribution
function. The emitted frequency, νe = ν(1 + z), includes a
redshift factor z, given by:

1 + z = 1 + �r sin φ sin i√−gtt − �2gφφ

, (53)

Figure 18 illustrates the radiation spectrum (rdL∞/dr ) of
the accretion disk around the BH surrounded by PFDM in KR
gravity as a function of the radial coordinate r , for different
fixed values of the PFDM intensity parameter λ, highlighting
the influence of PFDM on the radiation. The curves demon-
strate that increasing the PFDM (λ) reduces the maximum
luminosity and maximum in the spectrum shift toward lower
frequencies, consistent with the decrease in temperature and
radiant energy flux as also observed in Figs. 19 and 16, due
to the outward shift of the ISCOs, as detailed in Fig. 14. The
results provide a distinctive observational signature to test
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Fig. 17 Upper panel: Temperature density plot vs. radius and λ. Lower
panel: Profile for λ = 0.2

Fig. 18 Radiation spectrum for fixed PFDM intensity values

Fig. 19 Radial variation of radiant energy flux with PFDM intensity λ

and lorentz symmetry breaking parameter l

the KR field’s and PFDM’s combined effects against stan-
dard GR predictions.

6 Fundamental frequencies

The motion of test particles in the spacetime around BHs
can be decomposed into radial, azimuthal, and vertical oscil-
lations. The frequencies associated with these oscillations,
known as fundamental frequencies, are essential to under-
standing the dynamics of accretion disks and the origin of
QPOs. In the presence of KR gravity and PFDM, the funda-
mental frequencies are modified due to changes in the space-
time geometry. The three fundamental frequencies are:

6.1 Keplerian frequency

The Keplerian frequency, νK , is a fundamental frequency
associated with the orbital motion of a test particle around
a central massive object. It describes the azimuthal angular
velocity of the particle along a stable circular orbit and is cru-
cial to understanding the dynamics of the accretion disk and
the QPO phenomenon. In the context of a general spacetime
metric influenced by KR gravity and PFDM, the Keplerian
frequency is given by:
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νK ,r,θ = 1

2π

c3

GM
�φ,r,θ , [Hz] . (54)

The KR field modifies the spacetime geometry, which can
lead to shifts in the Keplerian frequency. These modifica-
tions depend on the field coupling constant. The PFDM pro-
file introduces additional terms to the metric, which alter the
gravitational potential. Depending on the density distribution
of PFDM, the Keplerian frequency may deviate from its stan-
dard form. The Keplerian frequency plays a pivotal role in
explaining the orbital motion of matter in accretion disks and
the observed QPOs in BH systems. Deviations in νK due to
KR gravity and PFDM directly probe these effects, offering
potential tests for alternative gravity theories and dark matter
profiles.

Azimuthal frequency (�φ), which is the frequency of Kep-
lerian orbits of test particles in the azimuthal direction, is
given by,

�φ = dφ

dt
= M

r3 + λ

2r3

(
1 − ln

r

|λ|
)

. (55)

6.2 Radial and vertical oscillations

Radial and vertical frequencies (�r and�θ ) are the frequency
of oscillations of the particles in the radial direction along
the stable orbits, which can be determined from the second
derivatives of the effective potential by radial and θ coordi-
nates:

�2
r = 1

2grr (ut )2

∂2Veff

∂r2

∣∣∣∣
r=rc

(56)

and

�2
θ = 1

2gθθ (ut )2

∂2Veff

∂θ2

∣∣∣∣
r=rc

, (57)

respectively.
The KR field and PFDM density profile alter the space-

time geometry, affecting the fundamental frequencies. These
modifications can shift the values of �φ , �r , and �θ ; influ-
ence the resonance conditions that give rise to QPOs; and pro-
vide observational signatures to test the presence of PFDM
and the effects of KR gravity.

�2
r = �2

φ

{
1

1 − l
− 6M

r

−λ

r

[
1 + 3 ln

r

|λ| + λ(1 − l) + r

2M + λ
(

1 + ln r
|λ|

)
]}

. (58)

Fundamental frequencies are directly linked to QPOs
observed in X-ray binaries and active galactic nuclei. Dete-
rioration in these frequencies compared to predictions from

GR can constrain alternative theories of gravity and dark
matter distributions.

This section will derive the fundamental frequency expres-
sions for test particles orbiting BHs in KR gravity with
surrounding PFDM. This model provides a straightforward
explanation of QPO observations around compact astrophys-
ical objects.

7 QPO applications

OPSs are fundamental features observed in the X-ray spectra
of accreting matter around BHs and other compact objects.
These oscillations, characterized by their periodic or quasi-
periodic nature, are invaluable diagnostic tools, with their
frequencies often linked to physical processes occurring near
the event horizon or within the accretion disk. Recent high-
precision X-ray observatories, such as NICER, have signifi-
cantly advanced QPO studies by providing unprecedented
data on their spectral characteristics and variability. The
forthcoming enhanced X-ray Timing and Polarimetry mis-
sion (eXTP) is poised to offer even deeper insights into strong
gravity regimes and accretion phenomena, which are criti-
cal for testing alternative gravitational theories. In the con-
text of test particles orbiting BHs in KR gravity surrounded
by PFDM, several models can be proposed to explain the
observed QPOs. The modeling of QPOs in modified gravi-
tational theories, such as KR gravity, requires careful con-
sideration of the various perturbative processes that govern
particle dynamics. The RP model model posits that QPOs
originate from the precession of test particle orbits within
the (strong) gravitational field of a central BH. In the con-
text of KR gravity, additional field components modify these
precession rates and the orbital parameters of test particles.
The introduction of a PFDM environment further influences
the orbital motion, potentially changing the precession fre-
quency depending on the fluid’s density and equation of state.
This model predicts QPO frequencies corresponding to the
relativistic motion of particles near the ISCO (as an inner
edge of the BH accretion disc) and the subsequent resonances
arising from orbital instabilities. Crucially, the gravitational
effects of the dark matter and the KR field can modify the
location of the ISCO, in turn, this modification may lead to
observable shifts in QPO frequencies. The upper frequency
is given by νU = νφ while the lower frequency is expressed
as νL = νφ − νr .

Figure 20 illustrates the potential relationships between
the upper and lower frequencies of twin-peak QPOs around
BHs in KR gravity surrounded by PFDM, based on the RP
model. In the numerical calculations, we have considered
BHs with a mass of 10M
 for the stellar mass. These plots
display the potential values of upper and lower frequencies
for the 3:2, 4:3, and 5:4 frequency ratios.
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Fig. 20 Relations between the frequencies of upper and lower picks of twin peak QPOs around BH in the KR gravity in the RP for different values
of λ and Lorentz symmetry breaking l

7.1 Monte Carlo Markov Chain (MCMC) priors for BHs
parameters

The present section is devoted to deriving constraints on
the mass and metric parameters given by the expressions
(13). Here, we select three different BH candidates. The
BHs depend on the mass of different classes: stellar mass,
intermediate mass, and supermassive BHs. For example, we
utilized well-known stellar mass BHs at the center of the
microquasars GRO J1655-40 and XTE 1550-564. QPO data
from (ii) M82 X-1 were also used [36]. The intermediate-
mass black hole in the ultraluminous X-ray source in galaxy
M82. In the literature [37,38], it is estimated to have a mass of
about 100 - 1000 solar masses. We also focus on microsecond
QPOs related to the supermassive BH Sgr A*. We employ
the Python library emcee [39–41] to get the constraints, we
then perform MCMC analysis in the RP model. The posterior
distribution is [42],

P(θ |D,M) = P(D|θ,M) π(θ |M)

P(D|M)
, (59)

where the functions:π(θ) is the prior function and P(D|θ, M)

is the likelihood one. We consider priors to have a nor-
mal distribution known as a Gaussian distribution within
suitable boundaries (see Tables 2 and 3), i.e., π(θi ) ∼
exp

[
1
2

(
θi−θ0,i

σi

)2
]

, θlow,i < θi < θhigh,i . Here, the parame-

ters are θi = {M, l, λ, r} and σi are their deviations. We pro-
vide MCMC analysis using the orbital, vertical, and radial
frequencies calculated in the previous section. The likelihood

function λ has form,

log λ = log λU + log λL, (60)

where log λU denotes the likelihood of the upper and lower
frequencies,

log λU = −1

2

∑
i

(νiφ,obs − νiφ,th)
2

(σ i
φ,obs)

2
, (61)

where log λL is the probability (likelihood) of the lower fre-
quency data.

log λL = −1

2

∑
i

(νiL,obs − νiL,th)
2

(σ i
L,obs)

2
, (62)

Here νiφ,obs, νiL,obs are direct observational results of the
orbital/Keplerian frequencies (νK), periastron precession fre-
quencies νL = νK − νr for the source of our interest. On the
other hand, νiφ,th, νiL,th are the respective theoretical estima-
tions.

We chose data from QPOs observed in X-ray binaries:
GRO J1655-40, XTE J1550-564, M82 X-1, and Sgr A* with
well-reported observational results, as presented in Table 1.

Next, we perform the MCMC simulation to constrain the
parameters (M , l, λ, r ) for BHs in KR gravity surrounded
by PFDM. We use Gaussian priors based on parameter val-
ues from the existing literature on QPO data processing. We
sampled approximately 105 points from a prior Gaussian dis-
tribution for each parameter. This allowed us to explore the
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Table 1 Frequencies of twin peak QPOs in microquasars and Galactic centre

Source [1,11,43–46] νU [Hz] �νU [Hz] νL [Hz] �νL [Hz] Mass [1,47,48] [ M
 ]

XTE J1550-564 276 ± 3 184 ± 5 12.4+2.0
−1.8

GRO J1655-40 451 ± 5 298 ± 4 5.4±0.3

M82 X-1 5.07 ± 0.06 3.32 ± 0.06 415 ± 63

Sgr A* 1.445 ±0.16 mHz 0.886 ±0.04 mHz (4.1 ± 0.6)×106

Table 2 The Gaussian priors (μ is the mean value and σ the variance) of the KR from QPOs of the sources with positive values of l

P XTE J1550-564 GRO J1655-40 M82 X-1 Sgr-A*
μ σ μ σ μ σ μ σ

M/M
 11.3159 1.4711 5.3366 0.6937 411.959 53.55 3.7219 × 106 0.4838 × 106

l 0.2507 0.0325 0.1487 0.0188 0.0430 0.0056 0.4743 0.0617

λ/M 0.0399 0.0038 0.0055 0.0007 0.0398 0.0051 0.0401 0.0052

r/M 4.6391 0.6031 5.6044 0.7285 6.0244 0.7832 3.2208 0.4187

Table 3 Best fit values of M , l, λ/M , and r parameters for XTE J1550-564, GRO J1655-40, Sgr A* and M82 X-1

P XTE J1550-564 GRO J1655-40 M82 X-1 Sgr A*

M/M
 11.3176+0.7093
−0.6678 5.3498+0.2128

−0.2033 413.093+10.916
−10.805 (3.7086+0.4545

−0.4400) × 106

l 0.2496+0.0270
−0.0275 0.1444+0.0177

−0.0178 0.0430+0.0055
−0.0056 0.4710+0.0455

−0.0477

λ/M 0.0300+0.0038
−0.0038 0.0056+0.0007

−0.0007 0.0398+0.0051
−0.0051 0.0401+0.0052

−0.0052

r/M 4.6503+0.1876
−0.1811 5.6088+0.1344

−0.1323 6.0278+0.0846
−0.0814 3.2665+0.2411

−0.2364

physically possible parameter space within set boundaries
and identify the best-fitting parameter values.

Having established the priors, we use the available data
to perform an MCMC simulation to determine the plausi-
ble range of the parameters {M , l, λ, r} for the BH space-
time. Considering the Gaussian prior distribution, we sample
1×105 points for every parameter. This approach allows us to
investigate the physically allowed multidimensional param-
eter space within defined limits and obtain the parameter
values that best match the data.

In Fig. 21, we show the results of the MCMC analysis
of the KR gravity parameter by using the QPO data from
4 different charged BHs (two stellar-mass BH candidates,
one intermediate-mass BH, and supermassive BHs). We use
the emcee package to obtain the posterior distribution with
the possible choice of the prior given in Tables 2 and 3. In
the analysis, the contour plots highlight the confidence levels
(1σ for 68%, 2σ for 95%, and 3σ for 99%) of the posterior
probability distributions for the entire set of parameters. The
shaded regions on the contour plots reflect these confidence
levels.

8 Conclusion

In this study, we have investigated the spacetime properties
of BHs embedded in a PFDM environment within the frame-
work of KR gravity. First, we have derived a novel metric

incorporating the KR field and dark matter effects, character-
ized by the unique lapse function that distinguishes it from
standard solutions in GR. We have also performed analy-
ses of scalar invariants such as the Ricci scalar, Ricci tensor
squared, and Kretschmann scalar that confirmed the signifi-
cant influence of both the PFDM and the KR field parameters,
revealing the contribution of curvature near the BH horizon.

Our thermodynamic analysis has explored the effects of
the KR field and PFDM on key properties like Hawking
temperature, entropy, heat capacity, and Gibbs free energy.
The findings demonstrate that increased PFDM density or
KR coupling parameters systematically affect the thermody-
namic stability of the BH, influencing its entropy, tempera-
ture, and heat capacity. These modifications lead to distinc-
tive thermodynamic signatures, indicating potential phase
transitions and shifts in BH stability conditions compared
to GR.

We further studied the circular motion of test parti-
cles around the BH, identifying the conditions for stable
orbits through effective potential analysis. The presence of
KR fields and PFDM notably alters the orbital parameters,
including the radii of stable circular orbits, specific energy,
and angular momentum. These effects extend to critical astro-
physical parameters like the ISCO and MCO, impacting
observable phenomena such as accretion disk properties and
energy extraction efficiency from BH accretion processes.

The following main results are obtained:
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Fig. 21 Constraints on charged BH parameters in the KR gravity, of the
QPO orbit from a four-dimensional MCMC analysis using the QPO data
for the stellar-mass BHs XTE J1550-564 (top left) and GRO J1655-40

(top right), supermassive BH Sgr A* (bottom left), and intermediate-
mass M82 X-1 (bottom right) in the RP model

• the effective potential governing the motion of test par-
ticles is significantly affected by both the PFDM and the
Lorentz symmetry-breaking parameters;

• for circular orbits, the specific angular momentum of test
particles decreases with an increase in the PFDM param-
eter, while the specific energy increases with the PFDM
parameter;

• the radius of the minimum circular orbit (MCO) decreases
as the PFDM parameter (λ) increases;

• The ISCO radius of the BH also decreases with an
increase in the PFDM parameter;

• at the ISCO, the specific angular momentum of particles
decreases, and the specific energy increases as the PFDM
parameter (λ) increases;
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• The energy conversion efficiency in the accretion process
depends on the KR parameter (l) and the PFDM param-
eter (λ).

Radiation properties from accretion disks around BHs
were also investigated. The results revealed that PFDM and
the KR field significantly affect radiative flux, tempera-
ture distributions, and emitted radiation spectra. Increasing
PFDM density generally decreased radiation flux and cooler
disk temperatures, providing observable distinctions from
standard gravitational models. Results show that:

• the radiant energy flux from the surface of the accretion
disk decreases with increasing values of both the PFDM
intensity parameter (λ) and the parameter (l);

• The temperature of the accretion disk shows a discernible
reduction as the PFDM parameter (λ) increases. This sug-
gests an inverse relationship where a stronger presence
or influence of the PFDM field leads to a cooling effect
on the accretion disk;

• The accretion disk’s radiation spectrum is affected by the
PFDM intensity (λ). The maximum luminosity decreases
as the PFDM intensity increases, and the spectrum’s peak
shifts toward lower frequencies. This is consistent with
the observed decrease in temperature and radiant energy
flux due to the outward shift of the ISCO. These findings
provide a distinctive observational signature that can be
used to test the combined effects of the KR field and
PFDM against standard general relativity predictions.

Additionally, we have analyzed QPOs through fundamen-
tal frequencies related to radial, vertical, and azimuthal oscil-
lations of particles in orbit around BHs. The KR and PFDM
parameters introduce apparent deviations in these frequen-
cies, allowing distinct observational signatures to be tested
through X-ray spectral analysis.

The presence of the KR field and PFDM modifies the
spacetime geometry, which affects the fundamental frequen-
cies of test particles, including the Keplerian frequency,
radial oscillation frequency, and vertical oscillation fre-
quency. These modifications can cause shifts in the values of
these fundamental frequencies compared to those predicted
by standard GR. In turn, changes in these frequencies can
influence the resonance conditions believed to be the origin
of QPOs observed in the X-ray spectra of the black hole
accretion disc. Deviations in the fundamental frequencies
from the predictions of GR provide potential observational
signatures of alternative theories of gravity and constrain the
properties of dark matter distributions.

Next, we have focused on the applications of the funda-
mental frequencies to explain QPOs observed in black hole
systems. We used the RP model, which is proposed as a
framework to understand the observed QPOs in the X-ray

spectra of accreting matter around the black hole. This model
relates the upper and lower frequencies of twin-peak QPOs to
test particles’ orbital and radial frequencies. Finally, MCMC
analysis was performed using the RP model and observa-
tional data from four black hole candidates: XTE J1550-564,
GRO J1655-40, M82 X-1, and Sgr A*. The MCMC analysis
aimed to constrain these BHs’ mass and metric parameters,
including the KR gravity parameter, using the observed QPO
frequencies.

Astrophysically, this work emphasizes the importance of
considering alternative gravity theories combined with dark
matter environments to better understand the behavior and
observational characteristics of BH systems. Our findings
indicate potential observational tests using QPOs and radia-
tion spectra, offering novel ways to constrain or support mod-
ified gravity theories and dark matter distributions. Future
studies will extend this approach by incorporating more real-
istic astrophysical scenarios, including detailed numerical
simulations and comparisons with observational data from
various BH candidates.
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